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Preliminaries: lower probabilities

® let X = {x1,...,x,} be a possibility space.
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Preliminaries: lower probabilities

® let X = {x1,...,x,} be a possibility space.
® A function P : P(X) — [0,1] is called a lower probability whenever:

P(@) =0, P(X)=1 and AC B = P(A)<P(B).
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® A function P : P(X) — [0,1] is called a lower probability whenever:
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Also know as (normalised) capacity, monotone game or fuzzy measure.
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Preliminaries: lower probabilities
® let X = {x1,...,x,} be a possibility space.
® A function P : P(X) — [0,1] is called a lower probability whenever:
P0)=0, P(X)=1 and AC B= P(A) < P(B).
Also know as (normalised) capacity, monotone game or fuzzy measure.

® |t has an associated credal set:

M(P) = {P € B(X): P(4)> P(A), VAC X}.
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Preliminaries: lower probabilities
® let X = {x1,...,x,} be a possibility space.
® A function P : P(X) — [0,1] is called a lower probability whenever:
P0)=0, P(X)=1 and AC B= P(A) < P(B).
Also know as (normalised) capacity, monotone game or fuzzy measure.

® |t has an associated credal set:
M(P) = {P € P(X): P(A) > P(A), YAC X}.
® A lower probability is said to be coherent if:

P(A) =min{P(A): Pe M(P)}, VACAX.
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Preliminaries: lower probabilities

Some particular properties that a coherent lower probability may satisfy are:

@ 2-monotonicity. For every A, B C X:
P(AUB)+ P(ANB) > P(A)+ P(B).
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Preliminaries: lower probabilities

Conclusions

Some particular properties that a coherent lower probability may satisfy are:

@ 2-monotonicity. For every A, B C X:

P(AUB) + P(ANB) > P(A) + P(B).

@ k-monotonicity. For every Ay,..., A, C X and 1 <p < k:

P (Q AZ-) > > (-pltp (ﬂ A,-).

I1C{1,..p} icl
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Preliminaries: lower probabilities
Some particular properties that a coherent lower probability may satisfy are:

@ 2-monotonicity. For every A, B C X:

P(AUB) + P(ANB) > P(A) + P(B).

@ k-monotonicity. For every Ay,..., A, C X and 1 <p < k:
P
p (U AZ-) > > (-pitp (ﬂ A,-) .
i=1 I1C{1,..p} icl
@ minitivity. For every A, B C X
P(ANB) =min{P(A), P(B)}.
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Preliminaries: lower previsions

® Let £(X) be the set of real-valued functionals on X or gambles.

Nieto-Barba, Montes and Miranda Distortion of imprecise probabilities 22 July 2024 7/25



Preliminaries Distortion of imprecise models Imprecise total variation Conclusions
oooe 000 000000000 0000

Preliminaries: lower previsions

® Let £(X) be the set of real-valued functionals on X or gambles.

® Any function P : L(X) — R is called lower prevision.
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Preliminaries: lower previsions

® Let £(X) be the set of real-valued functionals on X or gambles.
® Any function P : L(X) — R is called lower prevision.

® |t is said to be coherent if:

P(f)= min, Bp(f) ¥f € £(X),

where Ep denotes the expectation operator w.rt. P € P(X)
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® Any function P : L(X) — R is called lower prevision.

® |t is said to be coherent if:

P(f)= min, Bp(f) ¥f € £(X),

where Ep denotes the expectation operator w.r.t. P € P(X) and
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® |t is said to be coherent if:

P(f)= min, Bp(f) ¥f € £(X),

where Ep denotes the expectation operator w.r.t. P € P(X) and
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Preliminaries: lower previsions

® Let £(X) be the set of real-valued functionals on X or gambles.
® Any function P : L(X) — R is called lower prevision.

® |t is said to be coherent if:

P(f)= min, Bp(f) ¥f € £(X),

where Ep denotes the expectation operator w.r.t. P € P(X) and
M(P) :={P € P(X): Ep(f) > P(f) Vf € L(X)}.

® |t is said to be 2-monotone if:

P(fAg)+E(fVyg) = E(f) + E(9).

Nieto-Barba, Montes and Miranda Distortion of imprecise probabilities 22 July 2024 7/25



Preliminaries Distortion of imprecise models Imprecise total variation Conclusions
oooe 000 000000000 0000

Preliminaries: lower previsions

Let £L(X') be the set of real-valued functionals on X' or gambles.

Any function P : L(X) — R is called lower prevision.

It is said to be coherent if:

P(f)= min, Bp(f) ¥f € £(X),

where Ep denotes the expectation operator w.r.t. P € P(X) and
M(P) :={P € P(X): Ep(f) > P(f) Vf € L(X)}.

It is said to be 2-monotone if:

P(fAg)+E(fVyg) = E(f) + E(9).

In this case, lower probabilities <+ lower previsions (Choquet integral).
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Distortion procedures

| Py € P(X) | i
Bi(Py) ={Q € P(X) : d(Q, P) < 6} Upem(p) Bi(P)
(a) lower | envelope lower | envelope
Q(A) = inf{P(A) : P € B}(R)} Q(4)
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Distortion procedures

| Py € P(X) | i
Bi(Py) ={Q € P(X) : d(Q, P) < 6} Upem(p) Bi(P)
(a) lower | envelope lower | envelope
Q(A) = inf{P(A) : P € B}y(Po)} Q(A)
f5:[0,1]—10, 1] increasing, f5:[0,1]—10, 1] increasing,
f5(0) =0, f5(1) =1 f5(0) =0, f5(1) =1
(b) 3 a
Q4(A) == f5(Po(A)) Q4(A) == f5(P(A))
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Desirable properties of distortion procedures

@ Expansion. Given §; > d3 > 0:

Q, (P) < Q, ().
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@ Aggregation. For any 61,62 > 0:
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Desirable properties of distortion procedures

@ Expansion. Given §; > d3 > 0:

Q, (P) < Q, (P).

@ Aggregation. For any 61,62 > 0:
Q.5 (P) = Q, (@, (P)).

@ Structure preservation. For every § > 0:

P coherent (resp. 2-monotone, k-monotone, minitive) = so is Q(P).
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Desirable properties of distortion procedures

@ Expansion. Given §; > d3 > 0:

Q,,(P) < Q, (D).

@ Aggregation. For any 61,62 > 0:
Q.5 (P) = Q, (@, (P)).

@ Structure preservation. For every § > 0:

P coherent (resp. 2-monotone, k-monotone, minitive) = so is Q(P).

® Commutativity. If P is coherent, then for any § > 0:

M@Q;@) = | M(Q;P)).
PeM(P)
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Total Variation distance

Definition (Total Variation distance)
dry : P(X) x P(X) — [0,00) given by:

drv(P.Q) = max|P(4) ~ Q)| VP.Q € P(x).

Conclusions
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Total Variation distance

Definition (Total Variation distance)

dry : P(X) x P(X) — [0,00) given by:

drv(P,Q) = max | P(4) — Q(A)] ¥P.Q € P(X).

Proposition (Herron et al. '97)

The lower envelope of BgTV (P) is given by:

Q,(A) = max{P(4) = 56,0} VAC X, Q,(X)=1.
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Imprecise Total Variation (first approach)

Definition (Imprecise Total Variation)

Let P be a coherent lower probability and § > 0. The imprecise total
variation model induced by (P, §) is the lower probability () given by

Q(A) =max {P(A) - 6,0} VACX, Q(X)=1 (ITV1)
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Imprecise Total Variation (first approach)

Definition (Imprecise Total Variation) |

Let P be a coherent lower probability and § > 0. The imprecise total
variation model induced by (P, §) is the lower probability () given by

Q(A) =max {P(A) - 6,0} VACX, Q(X)=1 (ITV1)

This generalises the eponymous model for the precise case, and has also
appeared as the strong d-core in game theory (used to find a solution of a
distorted game when M(P) = ().
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Proposition (Expansion and Aggregation)

The imprecise total variation (ITV1) satisfies expansion and aggregation.
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Proposition (Expansion and Aggregation)

The imprecise total variation (ITV1) satisfies expansion and aggregation.

Proposition (Structure preservation)

Let P be a lower probability, 5 > 0 and let () be the total variation model
they induce. If P has any of the following properties:

@ avoiding sure loss (i.e. M(P) #0),
@ coherence,

@ 2-monotonicity,

® minitivity,

so does Q.
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Proposition (Expansion and Aggregation)

The imprecise total variation (ITV1) satisfies expansion and aggregation.

Proposition (Structure preservation)

Let P be a lower probability, 5 > 0 and let () be the total variation model
they induce. If P has any of the following properties:

@ avoiding sure loss (i.e. M(P) #0),
@ coherence,
@ 2-monotonicity,

® minitivity,

so does Q.

However, k-monotonicity is not preserved in general.
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Imprecise Total Variation (second approach)

What about conmmutativity?

Consider:

Q’(A):min{Q(A):Qe U M(QP)}, VACXx. (ITV2)

PeM(P)
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Imprecise Total Variation (second approach)

What about conmmutativity?
Consider:

Q’(A):min{Q(A):Qe U M(QP)}, VACXx. (ITV2)

PeM(P)

Proposition

Let P be a coherent lower probability, 5 > 0 and Q, Q’ the lower probabilities
induced by Egs. (ITV1), (ITV2). Then Q' = Q.
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Preliminaries Distortion of imprecise models Imprecise total variation Conclusions
0000 000 000008000 0000

Consider the premetric:

™ (L2, Q) = PN, drv(P,Q) = pain, max [P(A) — Q(A)].
QEM(Q) QEM(Q)
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Consider the premetric:

(P, Q) = pliin, drv(P Q) = min max|P(A4) = Q(A)].
QEM(Q) QEM(Q)

Proposition

Let P be a coherent lower probability and 6 > 0. The following set is closed
and convex:

Bl (P) = {Q € P(X) : d}(Q, P) < 0}.
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Consider the premetric:

W (P.Q) = min div(P.Q) = min max|P(4) - Q(4)|

QEM(Q) QEM(Q)

Proposition

Let P be a coherent lower probability and 6 > 0. The following set is closed
and convex:

Bl (P) = {Q € P(X) : d}(Q, P) < 0}.

It holds:
)
Bdmln U M
PeM(P

Nieto-Barba, Montes and Miranda Distortion of imprecise probabilities 22 July 2024 16 /25
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Is M(Q) equal to Bg%n(ﬂ) = Upemp) M(Qp)
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Imprecise total variation

Is M(Q) equal to BS,T“{?(B) = UPEM(B)M(QP) ?

Conclusions
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Example
A {z1} {zo} w3} {wa} {xs} {6}
Pi(A)| 0.2 0.061 0.061 0.19 0.199 0.289
PQ(A) 0.161 0.1 0.1 0.238 0.141 0.26
Pg(A) 0.239 0.099 0.12 0.161 0.17 0.211
Py(A) | 0.161 0.177 0.13 0.161 0.102 0.269
Ps(A) | 0.22 0.041 0.109 0.21 0.199 0.221
Po(A) | 022 0.041 0.041 023 0.199 0.269
P;(A)|0.178 0.16 0.111 0.161 0.1 0.29
Ps(A) | 0.161 0.157 0.14 0.181 0.073 0.288
Py(A) | 0.19 0.073 0.078 0.21 0.15 0.299
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Example (Continuation)
Al {m}  {wo} {ms} {za} {zs}  {we}

Pip(A) | 0161 0.158  0.159  0.161  0.112  0.249
Pi(A) | 0.2 0.071 0.14 0.199  0.199  0.191
Pip(A) | 0161  0.177  0.138  0.161  0.073 0.29
Pi3(A) | 0239  0.071 0.1 0.189  0.199  0.202
Py (A)| 0.22 0.041  0.081  0.238  0.199  0.221
Pi5(A) | 0219  0.119  0.061  0.161 0.17 0.27
Pig(A) | 0218 0043  0.062 0.238  0.168  0.271
Pi7(A)| 0.2 0.0705 0.1585 0.1805 0.199  0.1915
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Example (Continuation)

Imprecise total variation
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Concl
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Al {m}  {wo} {ms} {za} {zs}  {we}
Pip(A) | 0161 0.158  0.159  0.161  0.112  0.249
Pi(A) | 0.2 0.071 0.14 0.199  0.199  0.191
Pip(A) | 0161  0.177  0.138  0.161  0.073 0.29
Pi3(A) | 0239  0.071 0.1 0.189  0.199  0.202
Py (A)| 0.22 0.041  0.081  0.238  0.199  0.221
Pi5(A) | 0219  0.119  0.061  0.161 0.17 0.27
Pig(A) | 0218  0.043  0.062 0238  0.168  0.271
Pi7(A)| 0.2 0.0705 0.1585 0.1805 0.199  0.1915

Q = (0.2,0.05,0.05,0.201,0.199,0.3) € M(Q) \ B‘Sw (P),

where P(A) = min{P;(A) : i

1,...,17} forany A C X, § = 0.011.

Nieto-Barba, Montes and Miranda

Distortion of imprecise probabilities 22

uly 2024

18 /25
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o .
Proposition

Let P be a 2-monotone lower probability, 6 > 0 and let () be the lower
probability defined by (ITV1). Then, M(Q) = Bgmm(P)
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Proposition

Let P be a 2-monotone lower probability, 6 > 0 and let Q) be the lower
probability defined by (ITV1). Then, M(Q) = B,..(P).

dmln

Proof.
Let H C L(X) be the set of gambles that take values in [0, 1].
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Proposition

Let P be a 2-monotone lower probability, 6 > 0 and let Q) be the lower
probability defined by (ITV1). Then, M(Q) = B,..(P).

dn)ln

Proof.

Let H C L(X) be the set of gambles that take values in [0, 1]. Define, for
a given Q € P(X), fo(P,g) := P(g) — Q(g) over M(P) x H.
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Proposition

Let P be a 2-monotone lower probability, 6 > 0 and let Q) be the lower
probability defined by (ITV1). Then, M(Q) = B,..(P).

dn)ln

Proof.

Let H C L(X) be the set of gambles that take values in [0, 1]. Define, for
a given Q € P(X), fo(P,g) := P(g9) — Q(g) over M(P) x H.

mgxfgll(ln fo(Pg) <éd<QeM(Q) and

Pg)<deQeBn(P
Ln(llgl)maXfQ( q9) Q V( )-
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Proposition

Let P be a 2-monotone lower probability, 6 > 0 and let Q) be the lower
probability defined by (ITV1). Then, M(Q) = B,..(P).

dn)ln

Proof.

Let H C L(X) be the set of gambles that take values in [0, 1]. Define, for
a given Q € P(X), fo(P,g) := P(g9) — Q(g) over M(P) x H.

mgx/\rzl(ln fo(P,g) <6 QeM(Q) and

Pg)<deQeBn(P
Ln(llgl)maXfQ( q9) Q V( )-

Applying the min-max theorem,

m(llgl) max fo(P, g) = max Ar?(% fo(Pg). O

Nieto-Barba, Montes and Miranda Distortion of imprecise probabilities 22 July 2024 19/25
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® Analysis of other desirable properties (e.g. Destercke, Moral) such as
invariance under permutations on X' and under marginalization.

® Distortion of other IP models (e.g. Moral), and also through different
premetrics (e.g. maximum instead of minimum).
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Future lines

® Extensions of ‘classical’ distortion models to the imprecise setting.

Analysis of other desirable properties (e.g. Destercke, Moral) such as
invariance under permutations on X' and under marginalization.

Distortion of other IP models (e.g. Moral), and also through different
premetrics (e.g. maximum instead of minimum).

Connections with game theory (e.g. weak d-core, through a penalised
version of drv).
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