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Lower previsions and probabilities

Let X = {x1, . . . , xn} and P(X ) be the set of probabilities over P(X ).

Definition (Lower previsions and probabilities)
A lower prevision is a real-valued functional on K⊆L(X ) :={f : X → R}
i.e. P :K→R. If K={IA | A ⊆ X}, P ∈ P(X ) is called lower probability.

Definition (Credal set)
The credal set of a lower prevision P on K is given by:

M(P ) := {P ∈ P(X ) | P (f) ≥ P (f) ∀f ∈ K}.

Definition (ASL, coherent and k-monotone lower previsions)
1 P avoids sure loss if M(P ) ̸= ∅.
2 is coherent if P is the lower envelope of M(P ).
3 is k-monotone if P

(
∨p
i=1 fi

)
≥

∑
∅≠I⊆{1,...,p}(−1)|I|+1P

(
∧p
i∈I fi

)
.
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Classical distortion models

Definition (Classical neighbourhood model)
Let P0 ∈ P(X ), δ ≥ 0 and d : P(X )× P(X ) → [0,+∞),

Bδ
d(P0) := {P ∈ P(X ) | d(P, P0) ≤ δ}.

Definition (Transformation of precise probabilities)
Let ϕ : [0, 1] → [0, 1] be non-decreasing and s.t. ϕ ≤ Id,

P ϕ(A) := ϕ(P0(A)) ∀A ⊂ X , and P (X ) := 1.

We will extrapolate families of common classical transformating functions to
initial lower probabilities; specifically, Vertical Barrier Models.
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Procedure and extrapolation of common models

Definition (Transformation procedure of lower probabilities)
Let {ϕλ : [0, 1] → [0, 1]}λ∈Λ be a family of non-decreasing functions and
s.t. ϕλ ≤ Id for every λ ∈ Λ. Given P ∈ P(X ) and λ ∈ Λ, we define
Q

λ
[P ] : P(X ) → [0, 1] as:

Q
λ
[P ](A) := (ϕλ ◦ P )(A) = ϕλ

(
P (A)

)
∀A ⊂ X ,

and Q
λ
[P ](X ) := 1.

Definition
• IVBM: Λ={(a, b) |a ≤ 0 ≤ b, a+ b ≤ 1}, ϕ(a,b)(A)=max{bt+ a, 0}.
• ITVM: Λ = [0, 1), ϕδ(t) = max{t− δ, 0}.
• ILVM: Λ = [0, 1), ϕδ(t) = max{(1− δ)t, 0}.
• IPMM: Λ = [0,+∞), ϕδ(t) = max{(1 + δ)t− δ, 0}.
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Desirable properties

Given {Q
λ
[·]}λ∈Λ and P ∈ P(X ):

1 (Expansion) (∀λ1, λ2 ∈ Λ) λ1 ⪯ λ2 ⇒ Q
λ2
[P ] ≤ Q

λ1
[P ].

2 (Semigroup)
a (∃λ0 ∈ Λ) Q

λ0
[P ] = P and λ0 ⪯ λ ∀λ ∈ Λ,

b (∀Λ ∋ λ1, λ2 ⪰ λ0 s.t. λ1 + λ2 ∈ Λ) Q
λ2+λ1

[P ] = Q
λ2

[
Q

λ1
[P ]

]
.

3 (Structure preservation) (∀λ ∈ Λ) P ∈ H ⊆ P(X ) ⇒ Q
λ
[P ] ∈ H.

Prop. 1 2 3

IVBM N.A. N.A. ✓∗1

ITVM ✓✓ ✓✓ ✓∗1

ILVM ✓✓ ✓✓ a |✗ b ✓✓

IPMM ✓✓ ✓✓ a |✗ b ✓∗1/2

• ∗1 : ASL, coherent, 2-monotone (✓✓); k-monotone (k ≥ 3) (✗).
• ∗1/2 : idem (✓✓); k-monotone (k ≥ 3) (✓ if Q

λ
[P ] ∈ P∗(X )).
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Desirable properties

4 (Reversibility)
(∀λ ∈ Λ), ∃φλ : [0, 1] → [0, 1] s.t. P (A) = φλ(Qλ

[P ](A)) ∀A ̸= ∅,X .
5 (Invariance) under permutations, 6 marginalisations, 7 conditioning.

P Pσ

Q
λ
[P ] Q

λ
[Pσ]

(·)σ

Q
λ
[·
]

Q
λ
[·
]

(·)σ

P PΠ

Q
λ
[P ] Q

λ
[PΠ]

(·)Π

Q
λ
[·
]

Q
λ
[·
]

(·)Π

P PB

Q
λ
[P ] Q

λ∗ [PB ]

(·)B

Q
λ
[·
]

Q
λ
∗
[·
]

(·)B

Prop. 4 5 6 7

IVBM ✓∗2 ✓✓ ✓✓ ✗

ITVM ✓∗2 ✓✓ ✓✓ ✗

ILVM ✓✓ ✓✓ ✓✓ ✗

IPMM ✓∗2 ✓✓ ✓✓ ✗

• ∗2 : minx∈X P ({x}) ≥ −a/b.
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Credal set properties

8 (Generalised neighbourhood model) ∃d : P(X )×P(X ) → R such that:

(∀λ ∈ Λ) M
(
Q

λ
[P ]

)
= {Q ∈ P(X ) | d(Q,P ) ≤ µ(λ)} =: B

µ(λ)
d (P ).

9 (Weak extreme point commutativity) If P ∈ P(X ) is coherent:

(∀λ ∈ Λ) Q
λ
[P ](A) = inf

{
Q(A) | Q ∈

⋃
P∈ext(M(P ))

M
(
Q

λ
[P ]

)}
.

10 (Strong commutativity) If P ∈ P(X ) is coherent:

(∀λ ∈ Λ) M
(
Q

λ
[P ]

)
=

⋃
P∈M(P )

M
(
Q

λ
[P ]

)
.
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Credal set properties

M
(
Q

(a,b)
[P ]

)
= B1

dIVBM
(P ) ⇝dIVBM(Q,P ) :=max

A⊆X

P (A)−Q(A)

(1− b)P (A)− a
;

M
(
QTV

δ
[P ]

)
= Bδ

dITVM
(P ) ⇝dITVM(Q,P ) = max

A⊆X
(P (A)−Q(A));

M
(
QLV

δ
[P ]

)
= Bδ

dILVM
(P ) ⇝dILVM(Q,P )= max

A|P (A)>0

P (A)−Q(A)

P (A)
;

M
(
QPMM

δ
[P ]

)
= Bδ

dIPMM
(P )

∗3
⇝dIPMM(Q,P ) = max

A⊂X

P (A)−Q(A)

1− P (A)
.

Prop. 8 9 10

IVBM ✓✓ ✓✓ ✓∗4

ITVM ✓✓ ✓✓ ✓∗4

ILVM ✓✓ ✓✓ ✓∗4

IPMM ✓∗3 ✓✓ ✓∗4

• ∗3 : if P (A) > 0 ∀A ̸= ∅.
• ∗4 : if P is 2-monotone.
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Conclusions and future lines

Conclusions:
• The IVBM satisfies most of the desirable properties, with additional

properties for particular submodels.
• Invariance under conditioning does not hold for imprecise distortions,

unlike precise ones.
Future lines:
• Extension to the comparison of P ,Q.
• Applications to game theory.
• Distortions of lower previsions and sets of desirable gambles.

[1, 2, 3, 4, 5]
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