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Lower previsions and probabilities IMAGINE

Let X = {z1,...,2,} and P(X') be the set of probabilities over P(X).

Definition (Lower previsions and probabilities)

A lower prevision is a real-valued functional on CCL(X):={f : X — R}
ie. P:K—R. IfK={I4a| AC X}, P e P(X) is called lower probability.

Definition (Credal set)
The credal set of a lower prevision P on K is given by:

M(P) :={P eP(X) | P(f) = E(f) VfeK}

Definition (ASL, coherent and k-monotone lower previsions) |
® P avoids sure loss if M(P) # ().
@® is coherent if P is the lower envelope of M(P).

© is k-monotone ifB( v, f,L-) > Z(b#[g{lw’p}(—1)'”“2( /\11'761 fl)
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‘GiNE o

Let Py e P(X), § > 0 and d : P(X) X) — [0, +00),

By(Py) :={P € P(X) | d(P, Py) < 6}.

Let ¢ : [0,1] — [0, 1] be non-decreasing and s.t. ¢ < Id,

Py(A) = ¢(Py(A)) VAC X, and P(X):=1.

We will extrapolate families of common classical transformating functions to
initial lower probabilities; specifically, Vertical Barrier Models.
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‘GiNE o

Let {¢yx : [0,1] — [0,1]}ren be a family of non-decreasing functions and
s.t. ¢\ < Id for every \ € A. Given P € P(X) and A € A, we define
Q,[P]: P(X) —[0,1] as:

Q,[P](A) == (pr 0 P)(A) = 61(P(4)) VAC X,

and Q, [P](X) := 1.

*IVBM: A={(a,b)|a <0< b,a+b< 1}, ¢rop) (A)=max{bt + a,0}.
*ITVM: A =10,1), ¢5(t) = max{t — 4,0}.

¢ ILVM: A =[0,1), ¢s(t) = max{(1 — J)¢t,0}.

¢ IPMM: A = [0, +00), ¢s(t) = max{(1+ 0)t — ¢,0}.




Desirable properties

IMAGINE
Given {Q, [|}ren and P € P(X):
® (Expansion) (VA1, A2 € A) A1 A0 = Q) [ ] < Q}\l[ ].
@® (Semigroup)
O (BcA)Q [Pl=Pand X <A YA€ A,
O ("AsA o= Aost M+ hcd) @ [PI=Q, [Q, [P ]

© (Structure preservation) (VA € A) P € H C P(X) = Q/\L]

Prop. H ‘ (2] ‘ (3) ‘
IVBM N.A. N.A. v/

ITVM || vv | vV e
WM || v/ | vvexe | v/
IPMM || vV | //OX® | /"2

1. ASL, coherent, 2-monotone (vv'); k-monotone (k > 3) (X).
® "2 idem (/v); k-monotone (k > 3) (v if Q,[P] € P*(X)).
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Desirable properties IMAGINE

O (Reversibility)
(VA € A), Fpa:[0,1] = [0,1] s.t. P(A) = oA (Q,[P](A)) VA # 0, X.

@ (Invariance) under permutations, @ marginalisations, @ conditioning.

p—Y ., pe p—2 p—9" ,p,
S ﬁ‘ S &
QP QP QP —1 QP QP —22Q [P

Prop. H (4] ‘ (5] ‘ 0 ‘
IVBM || v*2 | /

ITVM || /*2 | /V | /V
ILVM v S
IPMM || v*2 | /V | /V

®*2: mingcxy P({z}) > —9/b.

x % % %@
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Credal set properties IMAGINE

O (Generalised neighbourhood model) 3d : P(X') x P(X) — R such that:

(VA€ A) M(Q,[P]) = {Q € B(X) | d(Q. P) < u(\)} = BV (P).

O (Weak extreme point commutativity) If P € P(X) is coherent:

wen) Qe —ntfemiee U m@r)}

B Peext(M(P))

@ (Strong commutativity) If P € P(X) is coherent:

(MAen) m@e)= |J M
PeM(P
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Credal set properties

Prop. H@‘@‘@

IVBM || vV | VV/
ITVM | vV | VV/
ILVM || vV | VV/
IPMM || v* | VV/
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IMAGINE

P(A) - Q(4)

M(Qu 1) = Bl (B) = divmna(Q. P) = nax = (1—b)P(A )(

M (Q{?V [B]) = Bj (D) dirvm(Q, P) = &PS;((B(A) —Q(A));
M(QVE]) = Bl () = duana(@.P) = B
M(@MEL) = Bl () diosont@ P) =y D058

o3 if P(A) > 0VA#0.
e *4: if P is 2-monotone.
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Conclusions and future lines IMAGINE

Conclusions:

® The IVBM satisfies most of the desirable properties, with additional
properties for particular submodels.

® |nvariance under conditioning does not hold for imprecise distortions,
unlike precise ones.

Future lines:
® Extension to the comparison of P, Q).
® Applications to game theory.

® Distortions of lower previsions and sets of desirable gambles.
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