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Summary

Introduction

We consider a number of imprecise probability models in conflict, meaning that their
sets of compatible probabilities are disjoint.

Since the conjunction rule of aggregation is not applicable in this case, we propose to
enlarge the models until the conflict is partially removed.

We analyse the properties of this procedure as an aggregation rule and compare it with
a number of alternatives.
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Imprecise probability models

Let X be a finite possibility space, and P(X') be the set of probability measures on X'.
A convex and closed set M C P(X) is called a credal set.

Introduction

It determines a coherent lower prevision on the set of gambles £(X) := {f : & — R}
by P(f) := minpcrq P(f) for all f € £(X), and a coherent upper prevision by P(f) :=
maxpeaq P(F).

The restriction of P, P to indicators of events are called coherent lower and upper prob-
abilities.

Conversely, given a coherent lower prevision P, we denote

M(P) = {P € P(X) : P(f) > P(f) Vf}.

A particular case of coherent lower probabilities are the 2-monotone ones, that satisfy

P(AUB) > P(A)+P(B) - P(ANB) VA BCX.
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Aggregation rules

Introduction
Consider a number of coherent lower probabilities P4, ..., P, on X that model the opin-
ions of a number of experts. Our goal is to aggregate them into a global model Q.

Conjunction: QC is the lower envelope of the intersection N7_; M(P;).

Disjunction: ofgg

(f) :== min; P;(f) Vf € L(X). ltis the lower envelope of U7, M(P;).

Pareto: Q°_(f) := min{max; P;(f), min; P;(f)} Vf € L(X).

—agg

Mixture: Q¥ (f) := S «iPi(f) Vf € £(X) for some fixed a; > 0 with "7, o = 1.

—agg



Aggregation under conflict

The conjunction rule is not applicable when N?_; M(P;) is empty, i.e., in a situation of
Introduction ConﬂICt

On the other hand, disjunction may be too imprecise, and the Pareto rule may not
preserve coherence.
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Distances between coherent lower probabilities

Consider the total variation distance between probability measures:

Aggregation

under conflict
drv(P1, P2) : —TaX|P1( Z |P1({x}) — P2({x})I-

XGX

It can be generalised to coherent lower probabilities by

B )=, i, (PP = i g (PUA) = PeA)
Pe M(P,) Pe M(Py)

and
’ L : _ _ _ P
v (B, Bp) = max P1er?\/ltr(lg1)(P1(A) Pa(A)) = max (P1(A) — Pa(A)).
Pae M(Py)



Distortions of credal sets

min ! ;
Agaregation » diy’ > dry and the equality holds whenever P, P, are 2-monotone.
under conflict

» Given P, € P(X) coherent and d € {dm", d’ }, the neighbourhood
B3(P,) := {Q € P(¥) | d(Q. Py) < 4}
determines the coherent lower probability
Q(A) = max{Py(A) — 6,0} VA#X,Q(X):=1.

» However, Bgmi" (Py) and Bg,TV (Py) do not necessarily coincide: they determine dif-
TV
ferent coherent lower previsions.
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Distortion-Conjunction aggregation rule

Aggregation
under conflict

Let {P;}7 , C P(X) be coherent and such that N/_; M(P;) = 0 (i.e. in global conflict).

Given a (generalised) distorting function d, we define
5% = min{8 > 0 | N, B(P;) # 0},

and, from it: )
=min{P(f) | P N,BY (P))}, VfeL(X)

Qs (1)
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Aggregation
under conflict

Interpretation as a measure of discrepancy

Let us define the conflict between P € P(X) and a coherent lower prevision P; by

Ci(P) := P,-e%'(‘g,.) arv(P, P) = di (P, P)).

and the maximal conflict between P and {P;},—1....n as

.....

group

Cch (P) := max C;j(P) = max d%"\i';(P,E,-).
] ]



Interpretation as a measure of discrepancy

Let us define the conflict between P € P(X) and a coherent lower prevision P; by

Aggregation
under conflict . min
Ci(P) =, min, drv(P.P) = OR}(P,E).

and the maximal conflict between P and {P;},—1....n as

.....

group

Catoup(P) 1= max Gi(P) = max di\}(P, P,).
I I

> N M(P)=0<VPeP(X) Cx (P)+#0;

group

> M(Q,,,) = {Q e P(X) | Chz(Q) = minpep(a) Coip(P) = 57}



Properties of the distortion factor

Aggregation
under conflict

Consider the case of n = 2, and assume the distortion function d is either di" or d.,.
1
> 5 = 5d(Py. Py).

» BY (Py)N By (P,) = 0By (Py) N 9By (P,), where 0 denotes the boundary of the
set.



Properties as an aggregation rule

Coherence: Q,, is coherent.

Aggregation Symmetry: Permuting {P;}7_, does not affect Q

under conflict —agg”’

Marginalisation: VA C X, Q, . (A) depends on {P;(A)}],

Precise preservation: {P;}7_, C P(X) implies Q

—agg

e P(X).

Monotonicity: If certain P; is replaced by P’ < P; = Q,,, < Q, .-

Total reconciliation: Q, . < min; P;.

Strong Pareto: Q

—agg

(f) > min{max; P;(f), min; P;(f)} Vfe L(X).
Unanimity: Qagg > min; P;.

Associativity: Q, ., coincides with the result of aggregating any P; with the aggregation
of the rest of the individuals.



Properties as an aggregation rule

The distortion-conjunction aggregation rule for d € {d}.,, dTir} satisfies:
Coherence: Q, ., is coherent. (V)

Aggregation Symmetry: Permuting {P;}; does not affect Q,,.(v)
Marginalisation: VA C X, Q, . (A) depends on {P;(A)}],. (X)

Precise preservation: {P;}7_, C P(X) implies Q

—agg

e P(X). (X)
Monotonicity: If certain P; is replaced by P’ < P; = Q,,, < Q, .- (X)

Total reconciliation: Q, . < min; P;. (X)
Strong Pareto: Q, .. (f) = min{max; P;(f), min; Pi(f)} Ve L(X). (X)
Unanimity: Q, ., > min; P;. (X)

Associativity: Q, ., coincides with the result of aggregating any P; with the aggregation
of the rest of the individuals. (X)



Aggregation by event-dependent distortions

Our procedure makes a uniform distortion of the credal sets in conflict, even in those

directions where conflict is not really present: it may be that [P;({x}), P1({x})] =

[Po({x}), P2({x})] and still we shall make the lower and upper probabilities of {x} more
Event dependent imprecise.
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— Next we investigate if we can make a minimal (different) distortion in each direction
so that conflict is avoided.



Aggregation by event-dependent distortions

Given Py, P, € P(X), let

A= = {AC X | [P(A), P1(A)] N [Pa(A), Po(A)] # 0},
A2 ={AC X | Py(A) > P2(A)},
B AP = {AC X | Py(A) > Pi(A)}

and define the event-dependent distortion factor:

s [S(BA) = Pa(A), ifAE A2,
AT L(Po(A) = Pi(A)), ifAec AP,

We now define the distorted models Q,, Q, by

P.(A), if Aec A= U A>T
Pi(A) =04, ifAe A



Properties of the model

> Ac A2 o ACc A>T and Ac A= & A c A=.(V)

Event dependent

aggregation » 04 = dac forevery AC X.(V)

> [Q,(A), Q:1(A)] N [Qy(A), Qx(A)] # 0 for each AC X. (V)



Properties of the model

> Ac A2 o Ac A>T and Ac A= & A% € A=.(V)
Event dependent

aggregation » 04 = dac forevery AC X.(V)

> [Q,(A), Q:1(A)] N [Qy(A), Qx(A)] # 0 for each AC X. (V)

» Q,.Q, need not be coherent. (X)
> M(Qy) N M(Q,) may be empty. (X)

— Removing the local conflict does not entail that the global conflict is resolved.



Conclusions

» Our procedure may not be more informative than the disjunction.

» While coherence and symmetry are satisfied, other properties of interest such as
monotonicity and associativity are not.

Conclusions

» The event-dependent distortion should be refined to guarantee coherence.



Conclusions

» Our procedure may not be more informative than the disjunction.
» While coherence and symmetry are satisfied, other properties of interest such as
monotonicity and associativity are not.

Conclusions

» The event-dependent distortion should be refined to guarantee coherence.

Future work:
» Comparison with other distortion measures.

» Analysis of the connection with axiomatic measures of conflict.

» Study of a pairwise approach to conflict removal.
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Thank you for the attention...

Conclusions
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