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Lower probabilities

Lower probability/Capacity
Lower probabilities: A function p: P(X) — [0, 1] satisfying
1) Monotonicity (a c B = ua) < u(B)  2) Normalisation (u(x) =1, 4(0) = 0)
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Lower probability/Capacity
Lower probabilities: A function p: P(X) — [0, 1] satisfying
1) Monotonicity (a c B = ua) < u(B)  2) Normalisation (u(x) =1, 4(0) = 0)

Credal set/Core
Credal set: M(u) ={P | P(A) > u(A) VAC X}

Coherent lower probability/Exact capacity
Coherence: p is coherent if

w(A) = min{P(A) | P € M(p)} VACKX

Natural extension
Natural extension: for a gamble f: X — R,

E,(f) =min{Ep(f) | P € M(p)}
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Properties of lower probabilities

2-monotone/Supermodular
p is 2-monotone if (AU B) + u(AN B) > u(A) + pu(B)

E is 2-monotone if E(fVg)+ E(f ANg) > E(f)+ E(9)
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Properties of lower probabilities

2-monotone/Supermodular
p is 2-monotone if (AU B) 4+ u(ANB) > p(A) + pu(B)

E is 2-monotone if E(fVg)+ E(fANg) > E(f)+ E(9)

Complete monotonicity/Belief function

( is complete monotone if for any p > 2 and Ay,..., Ap:
M(U?:l Ai) > Z@;ﬁ[g{l,...,p}(*1)u|+1ﬂ<ﬂie] Ai)
E is complete monotone if for any p > 2 and f1,..., fp:

E( Viei fi) = ZQ‘#Q{L---,I}}(_1)|I|+1E( Nier fi)
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Description of the problem (II)

Preservation of properties

2-monotonicity preservation: If puq,...,u, are 2-monotone, are
AE, - E, ) or Eay,. . .. 2-monotone?

Complete monotonicity preservation: If pj,...,u, are com-
pletely monotone, are A(E,, ,...,E,, ) or E Ay, 1)

complete monotone?
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Conjunction rule

Conjunction
Ac(Ey, ..., E,)(f) = min {Ep(f) | Ep > max{E;,..., E,}}

Graphical interpretation

P{z2})

>({z3})
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Conjunction rule

Conjunction
Ac(Ey,...,E,)(f) =min {Ep(f) | Ep > max{E,,...,E,}}

r=n

Graphical interpretation

P({z2})

P({x1})

>({z3})

Conjunction of lower probabilities
Ac(p, - ptn)(A) = min { P(A) | P > max{p1,...,un}}
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Conjunction rule: results

Commutativity: Ac(E,, ;... E, ) = EA,(u,..um) v

Preservation:

1) 2- and complete monotonicity are not preserved X
2) If M(p1) UM(u2) is convex, 2-monotonicity is preserved v/

3) The same property does not hold for n > 2 or for complete
monotonicity X
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Disjunction rule

Disjunction
AD(EI? 000 7En)(f) = mln{ﬁl(f)v 000 7En(f)}

Graphical interpretation
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Disjunction rule

Disjunction
AD(EI? 000 7En)(f) = mln{El(f)v 000 7En(f)}

Graphical interpretation

P({z2})

P({x1}) P({x1})

>({x3}) >({z3})

Disjunction of lower probabilities
AD(MM <o nu'l‘b)(A) = min{:ul(A)7 000 7Mn(A)}
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Disjunction rule: results
Commutativity: Ap(E, ..., E, ) > Epu,...um) v

Preservation: 2- and complete monotonicity are not preserved X
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Disjunction rule: results
Commutativity: Ap(E,,,...,E,, ) > EAp (o) v

Preservation: 2- and complete monotonicity are not preserved X

H15 H2 Ap (Eul’E ) EAD(MJQ)

P({z2})

Pe}) P({z1}) P({z1})

*({z3}) >({z3})
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Mixture rule

Mixture
AM(ED coo aEn)(f) = alEl(f) T 000 TF anEn(f)
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Mixture rule

Mixture
AM(ED coo 7En)(f) = alEl(f) T 000 TF anEn(f)

Graphical interpretation

P({z1})

({=3}) ({=3})

Mixture of lower probabilities
An(p1s -5 pn)(A) = a1pi(4) + ... + anpn(A)
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Mixture rule: results

Commutativity: Ay(E,,,. -, E, ) > Ex (1 im) v
Preservation:
1) 2- and complete monotonicity are preserved. .. v
2) ...and if pq,..., 1y, are 2-monotone, then commutativity
holds: AM(EMl""’EMn) :EAM(H/ly“'aMTL) \/\/
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Summary

Commutativity: A(Em, e

erties of p1,...

= ?
’E/—Ln) - E-A(/—le--w/»lfn) )
Property preservation: Do these two avenues preserve the prop-

Hun?

2-monotonicity
preservation?

complete-monotonicity
preservation?

Rule Commutativity?
Yes
Ac Ac(E,,.- E,)=E No
. C(f“l 77“") A, pin) (if n =2 and M(p1) U M(p2) is convex)
Ao Ao (B Bp) > By s i) No No
Yes Yes
Aj Au(E,... - E, )>E
M M (7}“ ’ ,7”“) = S Au (peoin) (and both approaches coincide) (and both approaches coincide)
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