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Aggregation of probabilities

Expert 1 → P1

or µ1

...

Expert n → Pn

or µn

 −→
Aggregated model

A(P1, . . . , Pn)

A(µ1, . . . , µn)

Mixture

P ({x1})

P ({x2})

P ({x3})

Disjunction

P ({x1})

P ({x2})

P ({x3})

The elicitation and aggregation of beliefs. Walley, 1982.
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Lower probabilities

Lower probabilities: A function µ : P(X ) −→ [0, 1] satisfying
1) Monotonicity (A ⊆ B ⇒ µ(A) ≤ µ(B)) 2) Normalisation (µ(X ) = 1, µ(∅) = 0)

Lower probability/Capacity

Credal set: M(µ) = {P | P (A) ≥ µ(A) ∀A ⊆ X}
Credal set/Core

Coherence: µ is coherent if

µ(A) = min{P (A) | P ∈ M(µ)} ∀A ⊆ X

Coherent lower probability/Exact capacity

Natural extension: for a gamble f : X → R,

Eµ(f) = min{EP (f) | P ∈ M(µ)}

Natural extension
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Properties of lower probabilities

µ is 2-monotone if µ(A ∪B) + µ(A ∩B) ≥ µ(A) + µ(B)

E is 2-monotone if E(f ∨ g) + E(f ∧ g) ≥ E(f) + E(g)

2-monotone/Supermodular

µ is complete monotone if for any p ≥ 2 and A1, . . . , Ap:

µ
(⋃p

i=1Ai

)
≥

∑
∅̸=I⊆{1,...,p}(−1)|I|+1µ

(⋂
i∈I Ai

)
E is complete monotone if for any p ≥ 2 and f1, . . . , fp:

E
(∨p

i=1 fi

)
≥

∑
∅̸=I⊆{1,...,p}(−1)|I|+1E

(∧
i∈I fi

)

Complete monotonicity/Belief function
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Description of the problem (I)

µ1, . . . , µn coherent
lower probabilities

Eµ1
, . . . , Eµn

natural extensions

A(µ1, . . . , µn)
lower probability

A(Eµ1
, . . . , Eµn

) EA(µ1,...,µn)

Na
tu
ral

ex
ten

sio
n

Aggregation

A
g
g
reg

a
tio

n

N
a
tu
ra
l

exten
sio

n

Commutativity?

1st avenue 2nd avenue
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Description of the problem (II)

2-monotonicity preservation: If µ1, . . . , µn are 2-monotone, are
A(Eµ1

, . . . , Eµn
) or EA(µ1,...,µn) 2-monotone?

Complete monotonicity preservation: If µ1, . . . , µn are com-
pletely monotone, are A(Eµ1

, . . . , Eµn
) or EA(µ1,...,µn)

complete monotone?

Preservation of properties
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Conjunction rule

AC(E1, . . . , En)(f) = min
{
EP (f) | EP ≥ max{E1, . . . , En}

}Conjunction

P ({x1})

P ({x2})

P ({x3})

P ({x1})

P ({x2})

P ({x3})

Graphical interpretation

AC(µ1, . . . , µn)(A) = min
{
P (A) | P ≥ max{µ1, . . . , µn}

}Conjunction of lower probabilities
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Conjunction rule: results

Commutativity: AC(Eµ1
, . . . , Eµn

) = EAC(µ1,...,µn) ✓✓

Preservation:

1) 2- and complete monotonicity are not preserved ✗

2) If M(µ1)∪M(µ2) is convex, 2-monotonicity is preserved ✓

3) The same property does not hold for n > 2 or for complete
monotonicity ✗

10 / 18



Disjunction rule

AD(E1, . . . , En)(f) = min{E1(f), . . . , En(f)}
Disjunction

P ({x1})

P ({x2})

P ({x3})

P ({x1})

P ({x2})

P ({x3})

Graphical interpretation

AD(µ1, . . . , µn)(A) = min{µ1(A), . . . , µn(A)}
Disjunction of lower probabilities
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Disjunction rule: results

Commutativity: AD(Eµ1
, . . . , Eµn

) ≥ EAD(µ1,...,µn) ✓

Preservation: 2- and complete monotonicity are not preserved ✗

µ1, µ2

P ({x1})

P ({x2})

P ({x3})

AD(Eµ1
, Eµ2

)

P ({x1})

P ({x2})

P ({x3})

EAD(µ1,µ2)

P ({x1})

P ({x2})

P ({x3})

12 / 18



Disjunction rule: results

Commutativity: AD(Eµ1
, . . . , Eµn

) ≥ EAD(µ1,...,µn) ✓

Preservation: 2- and complete monotonicity are not preserved ✗

µ1, µ2

P ({x1})

P ({x2})

P ({x3})

AD(Eµ1
, Eµ2

)

P ({x1})

P ({x2})

P ({x3})

EAD(µ1,µ2)

P ({x1})

P ({x2})

P ({x3})

12 / 18



Mixture rule

AM (E1, . . . , En)(f) = α1E1(f) + . . .+ αnEn(f)

Mixture

P ({x1})

P ({x2})

P ({x3})

P ({x1})

P ({x2})

P ({x3})

Graphical interpretation

AM (µ1, . . . , µn)(A) = α1µ1(A) + . . .+ αnµn(A)

Mixture of lower probabilities

13 / 18



Mixture rule

AM (E1, . . . , En)(f) = α1E1(f) + . . .+ αnEn(f)

Mixture

P ({x1})

P ({x2})

P ({x3})

P ({x1})

P ({x2})

P ({x3})

Graphical interpretation

AM (µ1, . . . , µn)(A) = α1µ1(A) + . . .+ αnµn(A)

Mixture of lower probabilities

13 / 18



Mixture rule: results

Commutativity: AM (Eµ1
, . . . , Eµn

) ≥ EAM (µ1,...,µn) ✓

Preservation:

1) 2- and complete monotonicity are preserved. . . ✓✓

2) . . . and if µ1, . . . , µn are 2-monotone, then commutativity
holds: AM (Eµ1

, . . . , Eµn
) = EAM (µ1,...,µn) ✓✓
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Summary

Commutativity: A
(
Eµ1

, . . . , Eµn

)
= EA(µ1,...,µn)?

Property preservation: Do these two avenues preserve the prop-
erties of µ1, . . . , µn?

2-monotonicity complete-monotonicity
Rule Commutativity? preservation? preservation?

AC AC

(
Eµ1

, . . . , Eµn

)
= EAC(µ1,...,µn)

Yes
No

(if n = 2 and M(µ1) ∪M(µ2) is convex)

AD AD

(
Eµ1

, . . . , Eµn

)
≥ EAD(µ1,...,µn) No No

AM AM

(
Eµ1

, . . . , Eµn

)
≥ EAM (µ1,...,µn)

Yes Yes
(and both approaches coincide) (and both approaches coincide)
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