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Definition

ocatonacaie Let £/(Q, A, P) be the set of random variables over (€2, A, P) for which the cdf is abso-

dizie lutely continuous, strictly increasing on the preimage of 0, 1[ and twice differentiable.
Forany X, Y € £'(Q, A, P), we say that X is not more strongly skew to the right than
Y, denoted by X 3 Y, if F;‘ o Fx is a convex function on the support of X.

X3Y XZY

X ~ Weibull(3,1), ¥ ~ Weibull(1,1) X ~ Beta(0.5,0.5), Y ~ Beta(2,2)
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Equivalent definition of the order in terms of concavity

Alternative definition

F;1 o Fx is a convex function on the support of X if and only if F;‘ o Fy is a concave
function on the support of Y. Therefore, saying that F;1 o Fx is a convex or concave
function on the support of X meansthat X X Yor Y 3 X.

Fy' o Fx convex Fy' o Fy concave

X ~ Weibull(3,1), ¥ ~ Weibull(1,1)

]
=1
|

FL(Fxx)
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Interpretation

Location-scale- X being not more strongly skew to the right than Y intuitively means that Y has a longer
e tail of extreme values at the right end compared to X.

families

Skew has no relation with location or scale (it is invariant to translations and scalings).

X<y XZY
X ~ Weibull(3.1), Y ~ Weibull(1,1) X ~ Beta(0.5,0.5), Y ~ Beta(2.2)
12- 2
09-
Distribution 5- Distribution
gﬂ B- X~ Weibull(2,1) 5 X~ Beta(0.5,0.5)
— Y ~Weibull(1,1) 1- — ¥ -~Beta(2,2)
03-
00- ; ’ ; | | 0-; ! ! ! ;
o 1 2 3 4 0.00 0.25 0.50 075 1.00
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Characterization of the order of van Zwet

Characterization

An equivalent definition of X = Y is that, for any a,b € R with a > 0, Fx(x) and
Fy(ax + b) cross each other at most twice with the sequence of changes of sign of
Fx(x) — Fy(ax + b) (ignoring zeros) being positive to negative to positive.

X3Y XZY

X ~ Weibull(3,1), Y ~ Weibull(1,1) X ~ Beta(0.5,0.5), Y ~ Beta(2,2)

0.2- 0.10-

0.05-

0.00 — -

(0-F_Y(0.8"%+0.1)
g

-0.05-
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IPMU 2026 Let £(Q, A, P) be the set of random variables over (2, A, P).

A skewness coefficient is a function v : £(Q,4,P) — R
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IPMU 2026 Let £(Q, A, P) be the set of random variables over (2, A, P).

A skewness coefficient is a function v : £(Q,4,P) — R

Location-scale-

skenness v(X) =0 if X is symmetric.
v(eX + d) =~(X) forany c,d € R such that ¢ > 0.
X=N(0,1) X=3+2"N(0,1)=N(3,2)
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IPMU 2026 Let £(Q, A, P) be the set of random variables over (22, A, P).
A skewness coefficient is a function v : £(Q,4,P) — R
%55%&%2?“‘& v(X) =0 if X is symmetric.
v(eX +d) =~(X) foranyc,d € R such that ¢ > 0.
Y(=X) = =v(X).
X=Beta(2,3)-0.5 -X=0.5-Beta(2,3)
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Location scale: A location-scale-skewness family is a family 7 C £'(£2, A, P) for which:
m Forany X € F,c € R" and d € R, it holds that cX + d € F.

families
m Forany X, Y € F, it either holds that F,," o Fx is a convex or concave function on
the support of X.

Examples

In the Weibull family all distribution are comparable in terms of skewness, therefore the
shifted-Weibull distribution forms a location-scale-skewness family.

On the contrary, it has been shown that there are parameters of the beta distribution
that lead to incomparability in terms of skewness, therefore the beta distribution does
not form a location-scale-skewness family.
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Location-scale-skewness families of interest

We devote our attention to location-scale-skewness families parametrized by a location
e parameter p, a scale parameter o and a skewness parameter § so that:

Location-scale-

families

Type A: F, "o Fx is convex for any X ~ F,, ;5 and Y ~ F, 5 with § < &

In location-scale-skewness families of Type A, the skewness is constant
with respect to the location and scale and increases with ¢, i.e.,
skewness can be seen as an increasing function ¢(d) := v(X).

Type B: Fy ' o Fx is concave for any X ~ F,, o5 and Y ~ F, .+ 5 with § < &

In location-scale-skewness families of Type B, the skewness is constant
with respect to the location and scale and decreases with 9, i.e.,
skewness can be seen as a decreasing function () := ~(X).
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A new family of coefficients

Definition of a new family of coefficients (lturrate-Bobes et al., 2025)
For X € L(Q, A, P), we define the family of coefficients:

(v —w) — (W) Cp(X)
X = e,00

where
m Cy(X) € R™ are quantiles of X arranged in ascending order such that if Cy(X) €
Cp(X) for some q €]0, 1], then Ci_4(X) € Cp(X).
m v ¢ R” is an asymmetric weigthing vector such that 3¢, v; < S/_, v/ for all
te{l,....,lm/2]}.

B w € R™ is a symmetric weighting vector.
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Properties of the new family of coefficients

Well-defined

The family of coefficients v is well-defined for any absolulety continuous random vari-
able.

Oja axioms 1, 2 and 3

The family of coefficients ~ fulfills the first three axioms of Oja for any absolulety con-
tinuous random variable whose cdf is strictly increasing on the preimage of the interval
10, 1[.

Oja axiom 4

The family of coefficients v with m odd and weighting vectors v and w such that v; = 0
forallic {1,...,[m/2]} andw = (0,...,0,1,0,...,0)7 fulfills the four axioms of Oja
for any absolulety continuous random variable whose cdf is strictly increasing on the
preimage of the interval 0, 1] and twice differentiable (i.e., if we are in £'(Q, A, P)).
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The sample version is based on OWAs

Definition
Let X € R" be a random sample from X € L£(Q, A, P). The sample version of + is
defined as:

((v—w) = (W =) Xnp)

X = (v = V)T X(rnp1)

A sufficient condition for it to be well-defined (almost surely):

1

mini—1... mPit1 — Pi

XeL'(Q A P) and n>
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Asymptotic distribution

Let X € R” be a random sample from X € £/(Q, A, P). It holds that

VA(FX) — (X)) 2 N(0,7),

; 2 G mln{p,,p/} (1 — max{p;, p;})
W T s v’T)Cp X)]‘*,Z; (C,(X))F(Cp, (X))

viwT = v + V(v —wT) +wi(v —vT)]Cp(X)
v wT =) VI —wT) (v —vT)]Cp(X).

PROBLEM: 7 is unknown in practice.
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Estimating the asymptotic variance

Let X € R" be a random sample from X € £'(Q, A, P). It holds that

ﬁw L2, N(0,1),

with 7A'2(X) _ 4 . Z m'n{plv pj}( max{pl» pj})
(T v X)) = o X)) n(X(rp))
[vi(w’ - v v (v —wT) wiv - v X))
SO v+ vivi —w’) + wj(v’T — V) X(mp1) »

where f, is a kernel-based density estimate of the probability density function of X.
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Confidence intervals for the skewness coefficient

Proposition

Given a random sample X7 = (X4, Xa, ..., X,) from a random variable X € £'(Q, A, P),
an asymptotic confidence interval for v(X) with confidence level 1 — « is:

. T(X)Z1—a, . 7(X) z,
X)— ———= = I
300 - T2 500 - T2
where ay, a2 € [0,a] are such that oy + a2 = «, 2, is the quantile of order p of the
standard normal distribution, and 72(X) as defined before.

Remark

It has been said that for location-scale-skewness families of Type A or Type B, ~(X) is
a monotone function of 6. The lower and upper generalized inverses of a monotone
function may be used for further extending the result.
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Confidence intervals for the skewness parameter

Theorem
Consider a location-scale-skewness family 7 C £'(Q, A, P) of Type A or Type B. Given

a random sample X7 = (Xy,Xa, ..., X,) from a random variable X € F, an asymptotic
confidence interval for 6 with confidence level 1 — « is:

_ ~ (X a 7(X) za
Type A: (07" (F(X) — T00=2) g7t (50%) - T2 )]
. — ~ 7A— X oq — 2~ 7A-(X) —a
Type B: [«pﬂ (7(X) - %) , o7 (’Y(X) - %)} :
where the endpoints of the confidence interval are taken to be open whenever they are
infinite, a1, a2 € [0, a] are such that oy + a2 = a, 2, is the quantile of order p of the
standard normal distribution, and 72(X) as defined before.
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The Weibull distribution as a location-scale-skewness family

The Weibull distribution is an example of location-scale-skewness family of Type B.
Therefore, it follows that

Case study: The

disvibuton v-2w+v)'(—In(1-p s

- () =100 = ¢ ),
(v—v)T(~In(1-p))

is decreasing. Actually, ¢ is strictly decreasing, and, thus, the lower and upper gener-
alized upper inverses ¢ ' and ¢} ' of ¢ coincide with the inverse =" of .
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Experiments

m Confidence level 1 — « = 0.95.

m The coverage is estimated through Monte Carlo simulation with 10° replications.

mie{051,15,...,6}.

m n e {25,50,100,200}.

m C, is such that p = (1/6,2/6,3/6,4/6,5/6)" .

mw=(00,1,0,0)".

mv=2X(0,0,01,07+(1-X)(0,0,0,0,1)7, with X\ € {0,1/4,1/2,3/4,1}.

m All choices of kernel and bandwidth selector available in the R function density()
were explored.
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Case (ii) Empirical coverage for oy = 0 and az = «
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NN Conclusions

IPMU 2026 m The experiments carried out on the (shifted) Weibull distribution show that it suc-
ceeds at constructing confidence intervals with the desired coverage probability.

m Unfortunately, a large proportion of the obtained intervals turn out to be unbounded.
Further investigation needs to be performed in this regard.
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m The behaviour within other location-scale-skewness families is still to be explored.
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