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Beliefs, decision-making, con�ict and aggregation.

• Probability measures as a representation of subjective beliefs about
the outcome of random phenomena.

• They entail decision-making behaviour from the expected utility the-
ory perspective.

• Con�ict naturally arises when several opinions are put together.

• Aggregation rules are methods assigning a single probability measure
to a given set of m-probability measures.
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Strong commutativity of aggregation with Bayes conditioning.

• For any conditioning event and set of individual beliefs:

aggregating conditioned models ≡ conditioning aggregated model ?

• Otherwise, the group may be Dutch-bookable.

Speci�c commutativity of aggregation with Bayes conditioning.

• And given a particular event and pro�le?
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Let X := {x1, . . . , xn} and P(X ) the set of probability measures over P(X ).

De�nition (Aggregation rule and systematicity)

An aggregation rule is a function A : (P(X ))m → P(X ), where m ∈ N.

It is said to be systematic whenever there exists F : [0, 1]m → [0, 1] such
that for each pro�le (P1, . . . , Pm) ∈ (P(X ))m:

A(P1, . . . , Pm)(A) = F (P1(A), . . . , Pm(A)) ∀A ⊆ X .

De�nition (Linear averaging)

An aggregation rule A is called a linear averaging if there exists {αi}mi=1 ⊆
[0, 1] with

∑m
i=1 αi = 1 and A(P1, . . . , Pm)(A) =

∑m
i=1 αiPi(A), ∀A.

Theorem (McConway, 1981)

An aggregation rule is systematic if and only if it is a linear average.
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De�nition (Strong commutativity)

For all (P1, . . . , Pm) ∈ P(X ) and B ⊆ X it holds:

R(·) := A(P1, . . . , Pm)(·|B) = A(P1(·|B), . . . , Pm(·|B)).

Equivalently, the following diagram commutes:

{Pi}mi=1 A(P1, . . . , Pm)

{Pi(·|B)}mi=1 R

A

·|
B

·|
B

A
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Theorem (Russell et al., 2015)[
systematic & strong commutativity

]

⇔ dictatorship

De�nition (Speci�c commutativity)

Given (P1, . . . , Pm) ∈ P(X ) and B ⊆ X it holds:

R(·) := A(P1, . . . , Pm)(·|B) = A(P1(·|B), . . . , Pm(·|B)).

Proposition (Polina et al., 2025)

Let (P1, . . . , Pm) ∈ (P(X ))m, B ⊆ X such that Pi(B) > 0 for each i.
Then,[

Pi(B) = Pj(B) ∀i, j
]
⇒
[
commutativity for any systematic rule

]
.
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Characterisation

Given (P1, . . . , Pm) ∈ P(X ) and B ⊆ X , for a systematic aggregation rule:

A(P1, . . . , Pm)(A|B) = A(P1(·|B), . . . , Pm(·|B))(A)

⇔
∑m

i=1 αiPi(A ∩B)∑m
i=1 αiPi(B)

=
m∑
i=1

αiPi(A|B)

⇔
m∑
i=1

αiPi(A ∩B) =

(
m∑
i=1

αiPi(B)

)(
m∑
i=1

αiPi(A|B)

)
⇔ · · ·

⇔ f(α;A) :=
∑

i,j|i<j

[
αiαj

(
Pi(B)− Pj(B)

)(
Pj(A|B)− Pi(A|B)

)]
= 0.
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Characterisation

Proposition

Speci�c commutativity holds for systematic rules i�:

f
(
α; {x}

)
= 0 ∀x ∈ X .

In particular, it holds whenever either:

1 The aggregation rule is dictatorial, i.e. αi∗ = 1 for certain i∗;

2 For each i, j, Pi(B) = Pj(B);

3 For each i, j, Pi(·|B) = Pj(·|B);

4 For every i, j, either:

αi = 0, αj = 0, Pi(B) = Pj(B) or Pi(·|B) = Pj(·|B).
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The conditions are not necessary

Example

Let n = m = 3, P1 = (1/3, 2/3, 0), P2 = (2/3, 1/3, 0), P3 = (1/3, 1/3, 1/3) and

B = {x1, x2}.

Since P1(B) = P2(B) = 1, for A1 = {x1}:

f(α;A1) = α1α3

(
1− 2

3

)(
1

2
− 1

3

)
+ α2α3

(
1− 2

3

)(
1

2
− 2

3

)
=

α3

18

(
α1 − α2

)
.

Also, f(α;A2) = −f(α;A1) for A2 = {x2}.

Hence, speci�c commutativity holds i� either α3 = 0 or α1 = α2.This

includes non-dictatorial weights:

{(t, t, 1− 2t) | t ∈ (0, 0.5]}.
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A more involved example

Example

Consider n = 5 intended threat levels: �invasion� (x1), �siege� (x2),
�military hostilities in the border� (x3), �verbal threats� (x4) or �absence of

any threat or aggression� (x5). The event B = {x1, x2, x3} embraces the

possibilities with di�erent degrees of military hostilities.

Consider m = 3 federations, P1 = (0.3, 0.3, 0.3, 0.07, 0.03), P2 =
(0.05, 0.2, 0.05, 0.35, 0.35), P3 = (0.25, 0.1, 0.25, 0.2, 0.2). Thus:

f(α; {x1}) =
0.3

12

(
− 0.4α1α2 + α1α3 − 3α2α3

)
= 0

and 2f(α; {x1}) = −f(α; {x2}) = 2f(α; {x3}). It is easily checked that

the desired equalities are satis�ed, for instance, for the following vector of

weights: α = (α1, α2, α3) = (5/7, 1/7, 1/7).
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A more involved example

Example

On the other hand, slightly modifying the last example: changing P3 by

P3 = (0.15, 0.3, 0.15, 0.1, 0.2),

yields that f(α; {x1}) is proportional to −0.4α1α2 − α1α3 − α2α3

, hence

dictatorships would be the only solutions.
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Conclusions:

• a system of quadratic equations characterises the weights for which
speci�c commutativity holds;

• allows to identify non-dictatorial systematic aggregation rules that com-
mute with conditioning;

• several su�cent conditions were derived (and shown to not be neces-
sary).

Future lines:

• How to integrate this results within the framework of dynamic rational-
ity;

• its relation with external Bayesianism;

• thorough analysis of its relation to Dutch-books;

• extension to imprecise aggregation rules.

[8, 6, 9, 1, 4, 10, 2, 3, 5, 7]
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