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Location-scale families

Let L(Ω,A,P) denote the set of random variables X : (Ω,A,P) ! (R,B(R)).

Location-scale family

The location-scale family of X ∈ L(Ω,A,P) is

FX = {Y ∈ L(Ω,A,P) | ∃c ∈ R,d ∈ R+ such that Y
D≡ c + dX} .

It is a set of random variables closed under location and scale transformations.

X ,Y ∈ L(Ω,A,P) belong to the same location-scale family if c ∈ R and d ∈ R+

exist such that

FY (y) = FX
( y−c

d

)
, ∀y ∈ R .

Moreover, if X and Y are absolutely continuous:

fY (y) = 1
d fX

( y−c
d

)
, ∀y ∈ R .
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Location-scale families
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Symmetry in a random variable

A random variable X is called symmetric about x0 ∈ R if

P(X ≤ x0 − x) = P(X ≥ x0 + x) , for any x ∈ R.

If there exists no point x ∈ R such that P(X = x) > 0, then X is symmetric about
x0 ∈ R if and only if

F (x0 − x) = 1 − F (x0 + x) , for any x ∈ R.

If X is an absolutely continuous random variable with a density function f , then X
is symmetric about x0 ∈ R if and only if

f (x0 − x) = f (x0 + x) , for any x ∈ R.

A random variable X is called symmetric if there exists x0 ∈ R about which X is
symmetric.
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Skewness coefficients

A skewness coefficient is a function

γ : L(Ω,A,P) −! R
X ↪−! γ(X ) .

An axiomatization of the notion of symmetry (Oja, 1981)

Let X ,Y ∈ L(Ω,A,P) be two random variables:
1 If X is symmetric, then γ(X ) = 0.
2 γ(cX + d) = γ(X ) where c, d ∈ R with c > 0.
3 γ(−X ) = −γ(X ).
4 If X ≾ Y , i.e., F−1

Y (FX (x)) is convex for all x ∈ R, then γ(X ) ≤ γ(Y ).
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Skewness coefficients

Some skewness coefficients in the literature

Let X ∈ L(Ω,A,P):

SP(X ) =
µ− Mo(X )

σ
−! Pearson (1895).

γ1(X ) =
E
[
(X − µ)3

]
σ3 −! Charlier and Edgeworth (1905).

γ′
Me(X)(X ) = 3 · µ− Me(X )

σ
−! Yule (1912).

γp(X ) =
C1−p(X )− 2 C0.5(X ) + Cp(X )

C1−p(X )− Cp(X )
for certain p ∈]0,0.5[−! Hinkley (1975).
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A new family of skewness coefficients

Let L′(Ω,A,P) denote the set of absolutely continuous r.v. defined over (Ω,A,P) whose
cdf is strictly increasing on the preimage of ]0,1[ and twice differentiable.

A new family of skewness coefficients

Let X ∈ L′(Ω,A,P):

γ(X ) =
(v − 2w + vr )T Cp(X )

(v − vr )T Cp(X )
=

aT Cp(X )

bT Cp(X )
,

is a family of skewness coefficients if:
k ∈ N is odd.
Cp(X ) ∈ Rk are increasingly-ordered quantiles of X such that if Cq(X ) ∈ Cp(X ) for
some q ∈]0, 1[, then C1−q(X ) ∈ Cp(X ).
vi = 0 for any i ∈ {1, . . . , ⌈k/2⌉}.
w⌈ k

2 ⌉
= 1 and wi = 0 for any i ̸= ⌈k/2⌉.
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Sample version of the new family of coefficients

Sample version

Let X = (X1, . . . ,Xn)
T ∈ Rn be a simple random sample from an absolutely continuous

random variable X . The sample version of γ is defined as:

γ̂(X) =
(v − 2w + v)T Ĉp(X)

(v − vr )T Ĉp(X)
=

aT Ĉp(X)

bT Ĉp(X)
,

where Ĉq(X) = X(⌈nq⌉) for any q ∈]0, 1[.

A sufficient condition for it being well-defined:

n ≥ 1
mini=1,...,m pi+1 − pi

.
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Sample version of the new family of coefficients

Asymptotic distribution (1 sample)

Let X = (X1, . . . ,Xn)
T be a random sample drawn from X ∈ L′(Ω,A,P). Then:

√
n
γ̂(X)− γ(X )

τX

D
−! N (0, 1) , with

τ2
X =

4[
(vT − vrT )Cp(X )

]4

k∑
j=1

k∑
i=1

min{pi ,pj}(1 −max{pi ,pj})
f (Cp i(X ))f (Cp j(X ))[

vi(wT − vrT
) + vr

i (v
T − wT ) + wi(vrT

− vT )
]
Cp(X )

·
[
vj(wT − vrT

) + vr
j (v

T − wT ) + wj(vrT
− vT )

]
Cp(X ) .

An analogous result holds when estimating τX such that τ̂2(X) P
−! τ2

X , which can be
achieved by estimating Cp(X) with X(⌈np⌉), and f with its kernel density estimator fn.
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Sample version of the new family of coefficients

Theorem 1: Asymptotic distribution (2 samples)

Let X = (X1, . . . ,Xn)
T and Y = (Y1, . . . ,Ym)

T be two independent random samples
drawn from two independent random variables X ,Y ∈ L′(Ω,A,P). Then:

(γ̂(X)− γ(X ))± (γ̂(Y)− γ(Y ))√
τ2

X
n +

τ2
Y

m

D
−! N (0, 1) ,

where τ2
X and τ2

Y are defined as before.

Remark: We assume n = g(m) with g : N ! N an increasing function such that
limm!∞

m
g(m) = λ ∈]0,∞[, i.e., both sample sizes grow to infinity at comparable rates.
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Two-sample goodness-of fit tests to a location-scale family

Framework

In the following, we assume that
X = (X1, . . . ,Xn)

T and Y = (Y1, . . . ,Ym)
T are two independent random samples

drawn from two independent random variables X ,Y ∈ L′(Ω,A,P).
n = g(m) with g : N ! N increasing such that limm!∞

m
g(m) = λ ∈]0,∞[.

We aim to test whether the underlying distributions of X and Y belong to the same
location-scale family, which might be known or unknown.
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Goodness-of fit to a known location-scale family

Setting up the hypotheses of the test (F known)

The hypotheses in a goodness-of-fit test to a known location–scale family F0 are the
following:{

H0 : X and Y belong to the same location-scale familyF0 .

H1 : X and Y do not belong to the same location-scale familyF0 .
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Known location scale family

From Theorem 1, it follows that (γ̂(X)−γ(X))+(γ̂(Y)−γ(Y ))√
τ2

X
n +

τ2
Y

m

D
−! N (0, 1) .

Under H0, it holds that FX = FY = F0. Therefore, by Axiom 2,
γ(X ) = γ(Y ) =⇒ γ(X ) + γ(Y ) = 2 γF0 .
τX = τY = τF0 .

Test statistic and rejection region

To perform the test, the following statistic is used
√

nm√
n + m

(γ̂(X) + γ̂(Y)− 2 γF0)

τF0

D
−!
H0

N (0, 1) .

R.R. =

{
(x, y) ∈ Rn+m

∣∣∣ |γ̂(x) + γ̂(y)− 2 τF0 | > τF0

√
n + m
n m

z1−α/2

}
.
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Goodness-of fit to a known location-scale family

Experimental framework

Goodness-of fit to the normal, uniform and (shifted) exponential distributions.
Significance level α = 0.05.
The power of the tests is estimated by Monte Carlo simulation (105 replications).
Expected behaviour:

1 Under H0: Power ∈ [0; 0.0511].
2 Under H1: Power ≈ 1.

n = 100.
m ∈ {10, 50,100, 200}.
w = (0,0, 1,0, 0)T .
v = λ (0, 0, 0,1, 0)T + (1 − λ) (0, 0, 0,0, 1)T , with λ ∈ {0, 1/4, 1/2, 3/4,1}
Cp such that p = (1/6, 2/6, 3/6, 4/6, 5/6)T .
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Goodness-of fit to the normal distribution

0.00

0.25

0.50

0.75

1.00

v1 v2 v3 v4 v5

P
ow

er

Norm (n=100) − Norm (m)

0.00

0.25

0.50

0.75

1.00

v1 v2 v3 v4 v5

P
ow

er

Norm (n=100) − Unif (m)

0.00

0.25

0.50

0.75

1.00

v1 v2 v3 v4 v5

P
ow

er

Norm (n=100) − Exp (m)

0.00

0.25

0.50

0.75

1.00

v1 v2 v3 v4 v5

P
ow

er

Norm (n=100) − Cau (m)

0.00

0.25

0.50

0.75

1.00

v1 v2 v3 v4 v5

P
ow

er

Unif (n=100) − Norm (m)

0.00

0.25

0.50

0.75

1.00

v1 v2 v3 v4 v5

P
ow

er

Unif (n=100) − Unif (m)

0.00

0.25

0.50

0.75

1.00

v1 v2 v3 v4 v5

P
ow

er

Unif (n=100) − Exp (m)

0.00

0.25

0.50

0.75

1.00

v1 v2 v3 v4 v5

P
ow

er

Unif (n=100) − Cau (m)

0.00

0.25

0.50

0.75

1.00

v1 v2 v3 v4 v5

P
ow

er

Exp (n=100) − Norm (m)

0.00

0.25

0.50

0.75

1.00

v1 v2 v3 v4 v5
P

ow
er

Exp (n=100) − Unif (m)

0.00

0.25

0.50

0.75

1.00

v1 v2 v3 v4 v5

P
ow

er

Exp (n=100) − Exp (m)

0.00

0.25

0.50

0.75

1.00

v1 v2 v3 v4 v5

P
ow

er

Exp (n=100) − Cau (m)

0.00

0.25

0.50

0.75

1.00

v1 v2 v3 v4 v5

P
ow

er

Cau (n=100) − Norm (m)

0.00

0.25

0.50

0.75

1.00

v1 v2 v3 v4 v5

P
ow

er

Cau (n=100) − Unif (m)

0.00

0.25

0.50

0.75

1.00

v1 v2 v3 v4 v5

P
ow

er

Cau (n=100) − Exp (m)

0.00

0.25

0.50

0.75

1.00

v1 v2 v3 v4 v5

P
ow

er

Cau (n=100) − Cau (m)

Sample size m=10 m=20 m=100 m=200

21 / 31



IPMU 2026

Marina
Iturrate–Bobes

Introduction

OWA-based
skewness
coefficients
A new family of
coefficients

Sample version of
the new family of
coefficients

Two-sample
goodness-of fit
tests to a
location-scale
family
Known location-scale
family

Unknown
location-scale family

Conclusions and
future work

Goodness-of fit to the uniform distribution
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Goodness-of fit to the (shifted) exponential distribution
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Goodness-of-fit to an unknown location-scale family

Setting up the hypotheses of the test (F unknown)

The hypotheses in a goodness-of-fit test to an unknown location–scale family are the
following: {

H0 : X and Y belong to the same location-scale family .
H1 : X and Y do not belong to the same location-scale family .

25 / 31



IPMU 2026

Marina
Iturrate–Bobes

Introduction

OWA-based
skewness
coefficients
A new family of
coefficients

Sample version of
the new family of
coefficients

Two-sample
goodness-of fit
tests to a
location-scale
family
Known location-scale
family

Unknown
location-scale family

Conclusions and
future work

Goodness-of-fit to an unknown location scale family

From Theorem 1, it follows that (γ̂(X)−γ(X))−(γ̂(Y)−γ(Y ))√
τ2

X
n +

τ2
Y

m

D
−! N (0, 1) .

We estimate τ̂(X) and τ̂(Y) such that τ̂2(X) P
−!

m
τ2

X and τ̂2(Y) P
−!

m
τ2

Y .

Under H0: γ(X ) = γ(Y ) =⇒ γ(X )− γ(Y ) = 0 because FX = FY and Axiom 2.

Test statistic and rejection region

To perform the test, the following statistic is used

γ̂(X)− γ̂(Y)√
m τ̂2(X)+n τ̂2(Y)

n m

D
−!
H0

N (0, 1) .

R.R. =

{
(x, y) ∈ Rn+m

∣∣∣∣∣
∣∣∣∣∣ γ̂(x)− γ̂(y)√

m τ̂2(x) + n τ̂2(y)

∣∣∣∣∣ > z1−α/2√
n m

}
.
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Goodness-of fit to an unknown location-scale family
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Conclusions

Conclusions of the experimental setup

Under H0: Significance level α = 0.05 is preserved for any sample size m and
weight vector v.
The tests have difficulty distinguishing location-scale families whenever the skew-
ness coefficient takes the same value.
Under H1: The performance is more accurate when the location-scale family under
H0 and the samples involved in the tests differ in their skewness coefficient.
Choice of weight vector v:

Under H0: Irrelevant
Under H1: Right-weighted vectors v.
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Future work

To be continued...

1 To extend the definition of the new family of skewness coefficients to a wider range
of weight vectors.

2 To introduce a statistical measure (kurtosis) that allows us to distinguish between
random variables with the same value of skewness ! Jarque-Bera test.
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