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IR | ocation-scale families

IPMU 2026 Let £(Q, A, P) denote the set of random variables X : (2, A, P) — (R, B(R)).

wraesooes Ml | ocation-scale family

firoduton The location-scale family of X € £(Q, A, P) is

Fx={Y € L(Q,A P)|3IceR,d e R"such that = c+dX}.
It is a set of random variables closed under location and scale transformations.

m X,Y € L(Q, A, P) belong to the same location-scale family if c € R and d € R*
exist such that

Fy(y) = FX (%c) 5 V}/ € R.
m Moreover, if X and Y are absolutely continuous:
f(y) = g (53°) . VY ER.
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— Location shift — N(0,1) — Scale shift

(Shifted) exponential distribution
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— Location shift — Exp(1) — Scale shift

Uniform distribution
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- Location shift

U(0,1) = Scale shift
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IEEY  Symmetry in a random variable
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m A random variable X is called symmetric about x; € R if

Iturrat

P(X < xo—x)=P(X > xo+ x), forany x € R.

Introduction

m If there exists no point x € R such that P(X = x) > 0, then X is symmetric about
Xo € R if and only if

F(xo—x)=1—F(xo + x), forany x € R.

m If X is an absolutely continuous random variable with a density function f, then X
is symmetric about xp € R if and only if

f(xo — x) = f(xo + x), forany x € R.

A random variable X is called symmetric if there exists x, € R about which X is
symmetric.
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M

e A skewness coefficient is a function

Introduction

v L(Q,AP)—R
X ry(X).

An axiomatization of the notion of symmetry (Oja, 1981)

Let X, Y € £L(Q, A, P) be two random variables:
If X is symmetric, then ~(X) = 0.
~v(eX + d) = v(X) where ¢,d € R with ¢ > 0.
(—X) = —(X).
If X 3 Y, ie, F,'(Fx(x)) is convex for all x € R, then v(X) < »(Y).
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Iturrat obes . . . .
Some skewness coefficients in the literature

Introduction Let X B L(Q7 A7 P)

m Sp(X) = %O(X) — Pearson (1895).

E[(X — )
m (X)) = % — Charlier and Edgeworth (1905).
B Yy (X) =3 %e(x) — Yule (1912).

Ci_p(X) — 2 Co.5(X) + Cp(X) . .
= .5[ — Hinkley (1975).
B p(X) Co o) — Co(X) for certain p €]0,0.5] inkley (1975)
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XNy A new family of skewness coefficients

IPMU 2026 Let £'(Q, A, P) denote the set of absolutely continuous r.v. defined over (2, A, P) whose
Mearina cdf is strictly increasing on the preimage of |0, 1] and twice differentiable.

lturrate—Bobes
A new family of skewness coefficients

Let X € £'(Q, A, P):

_(v—2w+V)TCh(X)  a’Cp(X)
1) =T TG00 T BTG

is a family of skewness coefficients if:
m k € Nis odd.
m Cy(X) € R¥ are increasingly-ordered quantiles of X such that if C4(X) € Cp(X) for
some q €]0, 1[, then Cy_4(X) € Cp(X).
mv;,=0foranyie {1,...,[k?2]}.
m W =Tandw; =0forany i [k/2].

10/31



IMAGINE

IPMU 2026

Introduction

OWA-based skewness coefficients

SEbEE m Sample version of the new family of coefficients

the new family of
coefficients

Two-sample goodness-of fit tests to a location-scale family

Conclusions and future work

11/31



IMAGINE

IPMU 2026

Sample version of the new family of coefficients

Sample version

Let X = (X4,...,X,)" € R” be a simple random sample from an absolutely continuous
random variable X. The sample version of  is defined as:

(v—2w+v) Cy(X) _ a’Cp(X)

W wTem G

where /C\C,(X) = X([nq) for any g €]0, 1[.
A sufficient condition for it being well-defined:

1

mini—1, . mPi+1 — Pi

12/31



DY Sample version of the new family of coefficients
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Asymptotic distribution (1 sample)

Let X = (X4,...,X,)" be a random sample drawn from X € £'(Q, A, P). Then:

vid®) =) 2 o4y, with

TX

mm{p,,p,} (1 — max{pi,p;})
[(vT - V’T)Cp 4,21:,21: f(Cp;(X))f(Cp,(X))

2

Viw” —v") +vi(vT —wT) + w; (v —v7)]Cy(X)
[vi(w” — v+ vi(vi —w’)+ w,-(v’T —v)]Cp(X).

An analogous result holds when estimating 7x such that #2(X) 2, 7%, which can be
achieved by estimating Cp(X) with X[np1), @and f with its kernel density estimator f,.
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Theorem 1: Asymptotic distribution (2 samples)

Let X = (Xy,...,X,)" and Y = (Y4,...,Yn)" be two independent random samples
drawn from two independent random variables X, Y € £'(Q2, A, P). Then:

(BX) =0 £ GO =) 2, 401y
[, %

where 72 and 72 are defined as before.

Remark: We assume n = g(m) with g : N — N an increasing function such that
limm— oo g( = )\ €]0, 0|, i.e., both sample sizes grow to infinity at comparable rates.
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Two-sample goodness-of fit tests to a location-scale family

Framework

In the following, we assume that

mX=(Xq,...,.Xp)"and Y = (Y4,...,Yp)7 are two independent random samples
drawn from two independent random variables X, Y € ﬁ'(Q A, P).

m n = g(m) with g : N — N increasing such that lim;_, o g(m = ) €]0, ool.

We aim to test whether the underlying distributions of X and Y belong to the same
location-scale family, which might be known or unknown.
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Setting up the hypotheses of the test (F known)
The hypotheses in a goodness-of-fit test to a known location—scale family 7, are the
following:

Hp : X'and Y belong to the same location-scale family 7 .
H; : X and Y do not belong to the same location-scale family 7y .

Known location-scale
family
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I Known location scale family

PUETES m From Theorem 1, it follows that GX=2CDLEM=2M) 2, pr(0,1) .

2
T T
X4 Y
ntm

m Under Hy, it holds that 7x = Fy = Fy. Therefore, by Axiom 2,
B y(X) =7(Y) = (X) +(Y) =275.

B TX =Ty =TF,.

Test statistic and rejection region

To perform the test, the following statistic is used

(X YY) -2
vom_ (YX) +9(Y) =29%) D, \rq 1y.
family vN+m TFy Ho

2 A n+m
R.R. = {(X, y) € R™M 19(x) +4(y) — 27—]—'0| > TF nm Z1a/2} .
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Goodness-of fit to a known location-scale family

Experimental framework

m Goodness-of fit to the normal, uniform and (shifted) exponential distributions.
m Significance level o = 0.05.
m The power of the tests is estimated by Monte Carlo simulation (10° replications).

m Expected behaviour:

Under Hp: Power € [0;0.0511].
Under H;: Power ~ 1.

m n=100.

m m e {10,50,100, 200}.

mw=(0,0,1,0,0)".

mv=1(0,0,0,1,0)7 + (1 — A)(0,0,0,0,1)7, with A € {0,/4,1/2,3/4,1}
m C, such that p = ('/s, 2/6,3/6,4/6,5/6)".
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Goodness-of fit to the uniform distribution
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Setting up the hypotheses of the test (F unknown)

The hypotheses in a goodness-of-fit test to an unknown location—scale family are the
following:

Hp : X and Y belong to the same location-scale family .
H; : X and Y do not belong to the same location-scale family .

Unknown
location-scale family
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Test statistic and rejection region

To perform the test, the following statistic is used
1X) —A(Y) o
/ m#2(X)+n72(Y) Ho

nm

005 |z
Vm#E0)+n#2y)| ~ vam [

N(0,1).

Unknown
location-scale family

R.R. = {(x,y) € R™™
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Conclusions of the experimental setup

m Under Hy: Significance level « = 0.05 is preserved for any sample size m and
weight vector v.

m The tests have difficulty distinguishing location-scale families whenever the skew-
ness coefficient takes the same value.

m Under H;: The performance is more accurate when the location-scale family under
Hp and the samples involved in the tests differ in their skewness coefficient.

m Choice of weight vector v:

m Under Hp: Irrelevant
m Under H;: Right-weighted vectors v.

Conclusions and
future work
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To be continued...

To extend the definition of the new family of skewness coefficients to a wider range
of weight vectors.

To introduce a statistical measure (kurtosis) that allows us to distinguish between
random variables with the same value of skewness — Jarque-Bera test.

Conclusions and
future work
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