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Lower Previsions i Modeling imprecision - Lower Previsions

Imprecise Probabilities: Different models permitting robust statistical analysis based on
sets of probability measures, which we call credal sets (/mprecise beliefs) Walley (1991).

Consider a finite probability space Q and denote with P(2) the set of prob. measures and

L(Q)={f:Q— R} - Set of Gambles

Lower Prevision

A lower prevision assigns a lower bound on the expectation operator compatible with
our beliefs
P:L(Q)—R

The compatible probability measures, M(P), satisfy

Pe M(P)< P(f) < P(f) VfeL(Q)




Modeling imprecision - Lower Previsions

Lower Previsions ii

Coherent Lower Previsions

We say that P is coherent if the lower bounds P(f) are attainable:

P(f)=  min P(f) ¥f e L(Q)

plw2) Distortion Models

Given Py € P(Q2), § > 0 and a distortion func-
tion d : P(Q) x P(Q) — R*, the distortion
model associated with (Py, d,¢) is

Py’

By(Py) = {P € P(Q)| d(P, Py) < 6}.

p(ws) p(wi) 7



Popular Models i Modeling imprecision - Popular Models

Consider Py € P(Q) and § > 0, for any A # Q, ),

Linear Vacuous Models Pari Mutuel Models Total Variation Models
Py(A) = (1=10)Po(A). | Pem(A) =max{(1+0)Po(A) = 6,1} | Pry(A) = max{Po(A) — 4, 0}.

‘ i 1 , . . . ‘There is a maximal difference
There is proportion & of There is a relative taxation to

contaminated data coming bets on events given by &’ in the estimated probabilities

from an unknown source’ across events given by §’

p(w2) p(w2) p(w2)

p(ws) Pwr) p(ws3) p(w1) p(ws3) p(wi) 8




Popular Models ii Modeling imprecision - Popular Models

All the presented models can equivalently be expressed via lower previsions.

It was proven that, if Py € P*(Q), their associated lower previsions are given by:

Py (f) = Po(f) - if 6 <1.
Pppy(f) = Po(f)— ifd < m|n 1P(;3{({i)})
Pry(f) = Po(f) — if 3 < min Po({w}).



Popular Models ii Modeling imprecision - Popular Models
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LVar Models i Modeling imprecision - LVar Models

Consider Py € P*(Q2), 6 > 0 and a Variational Operator A : L(2) — [0, +00) satisfying
1. Af =0< f is a constant gamble.
2. 0Af < Py(f) —minf for any f € £(Q).
3. A(af) = a Af for any a > 0.
4. A(f +g) < Af + Ag forany f,g € L(Q).

Linear Variational Models

We call Linear Variational (LVar) model associated with (Pg, A, d) to the lower prevision

given by:

PA(f) = Po(f) — 6 AFf, Vf € L(Q).

10



LVar Models ii

Modeling imprecision - LVar Models

An LVar model BA is

and satisfies

0 <

inf
feL*(Q)

Condition 2 establishes a bound on § such that the LVar model is coherent:

Po(f) — minf

Af

The LV, PM and TV are LVar models:

Ay (f) = Po(f) — minf
App () = max f — Py(f)

A (f) =maxf —minf

p(w2)

p(ws)

p(w1) 11
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3. Decision Making with LVar models

- Basic Framework - Characterizing optimality - Eliciting required distortion
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Foundations Decision Making with LVar models - Basic Framework

Element
Q= {w}r, Scenarios Decision ‘ w1 (Rains)  wy (Doesn't)
D ={d}7, Alternatives di (Umbrella) 0

d> (Don't) -5 0

{Ja, 30 € L(Q) Gambles representing
the decisions’ utility

No Info. - OptZ(D) ={deD|J.* JyVe e D}= D)

Prob Info. — 2P optp(D) = {d € D|P(Jy) > P(J.) Ve € D}
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Foundations Decision Making with LVar models - Basic Framework

Element
Q= {w}r, Scenarios Decision ‘ w1 (Rains)  wy (Doesn't)
D ={d}7, Alternatives di (Umbrella) 0

d> (Don't) -5 0

{Ja, 30 € L(Q) Gambles representing
the decisions’ utility

No Info. - OptZ(D) ={deD|J.* JyVe e D}= D)

Prob Info. — 2P optp(D) = {d € D|P(Jy) > P(J.) Ve € D}

A middle-ground is necessary!
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Main IP Criteria i

Decision Making with LVar models - Basic Framework

Let P be a coherent lower prevision,
[-maximin —>
-maximax e
E-admissibility ——
Maximality  —

Interval e
Dominance

the Expected Utility can be extended as in Troffaes (2007):
optp = {d € D | P(Jyg) > P(J.) Ve € D}

optg = {d € D | P(J4) > P(J.) Ve € D}
optppy ={d € D|IP € M(P)st. d € optp}
opt., ={d € D | P(Je — Jy) < 0Ve € D}

opt-, = {d € D | P(Js) > P(J) Ve € D}
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Main IP Criteria ii Decision Making with LVar models - Basic Framework

Depending on the criterion employed, the dominance relationships between alternatives might

be easier to assess, or rather tend to incomparability.

Relationships between criteria

Therefore, some criteria might be more lenient than other:

opts  C  OPtmp) S OPLy,  C
Ul
optp
Strict
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Characterizing optimality Decision Making with LVar models - Characterizing optimality

Employing an LVar model P, leads to the reformulation of each of the presented IP criteria as

discounted precise utility expectations:

d € opty, > PolJa)> Teag{Po(Je) — (A — Ay) }

d €optp, = Po(Js) > max{Po(Je) —5(BJs— D) }

eeD

d € 0ptayp,) = Polda) = max {Po(dh) = I AL~ Ja) }.

d € opts,, = Po(d) = max{Po(de) — 0 AU — Ju) }.

eeD

dcopty, = Po(ls)> Tean{Po(Je) — 5 (A +ZJd)}.
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Eliciting distortion Decision Making with LVar models - Eliciting required distortion

The prior characterizations permit analyzing when an alternative is never optimal or the amount
of distortion required so as it is deemed optimal according to certain IP criteria.

[-maximin

Given d € D, if there exists e € opts such that
Po(Ja) < Po(Je) and Ay > A,

with some of the inequalities being strict, then d ¢ optp, for any 6 > 0.
Else, d € optp, if and only if B

[PUIZRUDL 5 g [PUIZRUD,

T\ Ade — Ay AJe — Ay

ecDp ~ eeDg!

where D~ = {e € D|AJy < AJ}, Dpi={ec D|AJs>AJc}.
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Index lllustrative example

4. lllustrative example
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lllustrative example i llustrative example

Q= {wr, w2, w3}, Po=(Y2,1/4,1/4)

w1 (%) w3 PO(Jd,-) éLv(Jd;) APM(de) éTV(Jd,')
Ja, 3 -3 0
Joy | 34 =12 1) 1/g 5/8 5/8 5/4

® optp, = {ci}

e Since Py(Jg,) < Po(Jg,) and A(Jy,) < A(Jy) for all the models,
d> will never be M-maximax = optp = {d;} for all models and .
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Hlustrative example ii llustrative example
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Index Conclusions

5. Conclusions
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Conclusions Conclusions

e Introduced , a new family of IP models which generalize
prominent frameworks.

e Doing Decision Theory with LVar models permits and

e Further research:

Properties of LVar models
Beyond ¢'s bound
Further optimality criteria
Other applications

22



Bibliography Conclusions

@ Montes, |., E. Miranda, and S. Destercke (2020a). “Unifying neighbourhood and dis-
tortion models: Part |- New results on old models”. In: International Journal of General
Systems 49.6, pp. 602—635.

& — (2020b). “Unifying neighbourhood and distortion models: Part 1l- New models
and synthesis”. In: International Journal of General Systems 49.6, pp. 636—674.

[3 Nieto-Barba, D., |. Montes, and E. Miranda (2026). “The imprecise vertical barrier mod-
els for distorting lower probabilities” . In: International Journal of Approximate Reasoning 197,
p. 109731.

B Savage, L. J. (1972). The Foundations of Statistics. Second revised edition, first published
1954. New York: Dover.

[4 Troffaes, M. C. M. (2007). “Decision making under uncertainty using imprecise prob-
abilities”. In: International Journal of Approximate Reasoning 45.1, pp. 17-29.

[4 Walley, P. (1991). Statistical Reasoning with Imprecise Probabilities. London: Chapman
and Hall.

23



Funding Conclusions
* * %
£ * *
o * s
“@Ey - ¥  MINISTERIO ) * it
"™ DE CIENCIA, INNOVACION

) Y UNIVERSIDADES Financiado por
= la Unién Europea

NextGenerationEU

AGENCIA
ESTATALDE
INVESTIGACION

P\

This contribution is part of grant PID2022-140585NB-100 funded by
MICIU/AEI/10.13039/501100011033 and “FEDER/UE".

24



	Introduction
	Modeling imprecision
	Lower Previsions
	Popular Models
	LVar Models

	Decision Making with LVar models
	Basic Framework
	Characterizing optimality
	Eliciting required distortion

	Illustrative example
	Conclusions
	References

