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IMAGINE  Summary

Introduction

A way to robustify an uncertainty model is to consider a neighbourhood around a
probability measure.

Usually, in these distortion models the neighbourhood is defined uniformly in all
directions.

We propose a non-uniform distortion model, based on an extension of the total
variation distance.

We determine the number of extreme points, and analyse the properties of the
associated lower prevision.



wagine  Distortion models

Let X be a finite set, P(X') the family of probability measures on P(X’) and P*(X) those
Introduction that are strictly positive on all non-empty events.

Given Py € P(X), a distorting function d : P(X) x P(X) — [0,+oc0) and a distortion
parameter 6 > 0, the neighbourhood of P, through d with parameter § is defined as:

Bi(Po) := {P € P(X) | d(P, Po) < 6}.

As particular cases, we have the contamination, pari-mutuel, constant odds-ratio or the
total variation models.
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waaine  The total variation model

In the total variation model, the distorting function is the total variation distance:
Introduction e
drv (P, Po) := max |P(A) - 2; [P({x}) = Po({x})].

The resulting model has a number of nice properties:

» The neighbourhood has n(n — 1) extreme points, being computationally simpler
than other distortion models.

» The associated lower prevision is 2-monotone.

» It behaves well under conditioning.



agine  Motivation

Introduction
However, in some cases we may aim for a non-uniform distortion:
e Py may represent a distribution of resources, and we may want to allow for transfers
of resources that depend on the initial wealth.

e If Py is in the interior of the simplex, we may want the neighbourhood to stay in
the interior so as to avoid zero lower probabilities, and this would require a smaller
distortion in the directions that are closer to the boundary.

e Py may represent normalised utilities in a multicriteria decision making problem,
and we may use weights to highlight the importance of each of the criteria.



waaine  The weighted total variation

The weighted
total variation

Given a := (a4, ...,an) € R" such that « = 0, the a-Weighted Total Variation (a-WTV)
is given by

dtv (P, Po) : Za,|P {xi}) — Po({xi})| VP, Py e P(X).

If a; = 1/2 for all i, we recover the TV distance.



magiNe  Basic properties

The weighted

total variation » Forany Py, diy (-, Po) is continuous and convex.
> dTV(P P)=0forall P € P(X).
> d2(Q,P) = diy(P. Q).
> dfy(Q, P) < diy(Q,R)+ d¢y (R, P) forevery P, Q, R € P(X).
» d?,(Q,P)=0= P = Qifandonly if at most one «; = 0.

— Thus, d¢, is a distance if and only if at most one component of « is null.



mMagiNe  Example

Let Py = (1/3,1/3,1/3),a = (0.5,0.5,a3) and § = 23—0 The neighbourhoods B‘S%V(Po) for
as € {0,0.1,0.5,1,2,10} are given by:

The weighted
total variation

T3

To 1




wagine  Null weights

If more than one «; is null, we have a number of undesirable properties:
» diy is no longer a distance.

The weighted
total variation

» We do not have BO%V(PO) = {Po}.

» The neighbourhood B‘S%V(Po) always touches the boundary of the simplex, even if
Py is in the interior.
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If more than one «; is null, we have a number of undesirable properties:
» diy is no longer a distance.
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total variation

» We do not have BO%V(PO) = {Po}.

» The neighbourhood B‘S%V(Po) always touches the boundary of the simplex, even if
Py is in the interior.

— For this reason, we will focus on the case where at most one weight is null.



wmagine Case 1: a =0

Consider the case where all the weights «; are strictly positive, and P, € P*(X). Let
§:=min{(a; +op)Po({x}) | i,je{1,...,n}, i #j}.
e > B (Po) CP*(X)ifand onlyif § < 3.
» If § < 6, then
ext(By. (Po)) = {Pjlij€{1,....n}, i #j},
where, foreach i,j € {1,...,n} with j # j:
Po({x}) + (i + o) if x = X;;

_1(5,
PI/({X}) = { Po({x}) — (a +Oéj)71(s, if x = xj;
Po({x}), if x # Xi, Xj.
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_1(57
Pi({x}) := { Po({x}) — (ai + Olj)715, if x = Xj;
Po({x}), if x # Xiy Xj.

< Thus, Bf,%v(Po) has exactly n(n — 1) extreme points!

o

AND WHY;SHODLDI CARE
|ABOUT.THE EXTREME POINTS




maGiNe  Extreme points

The weighted

total variation The extreme points of the set allow us to:
e Characterise the set using convex combinations.

e Determine the lower and upper probabilities and previsions that summarise it.
e Update the set by regular extension, which is an imprecise rule for conditioning.

— As a consequence, we would like them to be as few as possible and to have an
explicit formula to compute them.



wmaGiNe  Lower prevision

The weighted

total variation If § < &, the coherent lower prevision associated with B‘S%V(Po) is given by
Py (f) = Po(f) — 5np§j.><{\f(xf) — )i+ )"} Ve LX),

and the coherent lower probability is

-1
P1v(A) = Po(A) — 5( [min, i +jr2|enAa,-) VA#0,X.



magine Case 2: a = 0

Consider the case where exactly one a. is zero, and Py € P*(X). Let

The weighted

3 := min {min {aiPo({X-}) | 1€ {1,....n} \ {K*}},
min {oyPo()) 1] € {1, \ (k') }

> ngv(Po) CP*(x)ifand only if § < 4.
» If § <4, then
eXt(Bg%v(Po)) ={Prjlje{1,....m\{Kk"}JU{Pu~ | i€ {1,....,n} \ {K"}}.

— As a consequence, B‘S%V(Po) has exactly 2(n — 1) extreme points.



wmaGiNe  Lower prevision

The weighted

total variation If § < &, the coherent lower prevision associated with B‘S%V(Po) is given by
Pry(f) = Po(f) — 5p;i§{|f(xf) — (X )log '} V€ L(X),
and the coherent lower probability is

-1
P71y (A) = Po(A) — 5( min, i +jr2|€nAaj) VA#0, X.



IMAGINE  2-monotonicity

The lower probability and the lower prevision do not give the same information, in the
The weighted sense that Bg%V(PO) is a proper subset of

total variation

{P e P*(X): P(A) > Pty (A) YA}
A sufficient condition for the equality would be that P is 2-monotone:

Piv (V) + Piv(fi A ) > Piy(f) + Piy(fz) Vi, ke L(X).
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total variation

{P e P*(X): P(A) > Pty (A) YA}
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Lower previsions, 2-monotone ones, neighbourhood mod-
els...| wish there was a place to discuss this calmly!
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The weighted
total variation
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mMaGiNE SO when do we have the equality?

The weighted
total variation

If Py € P*(X)and 0 < 6 < J, then
Bl (Po) = M(Piy) & [n=20ras = --- = a, > 0].

— Consequently, Pty is 2-monotone if and only if the previous condition holds.



mMagiNe  Example

Let Py = (1/3,1/3,1/3),ae = (0.5,0.5,1) and § = 3/z0.

The weighted :‘B 3

total variation

&
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wiacine - Gonclusions

Summary:

e The complexity of the model is similar to the TV case, and reduces if one weight is
null.

Conclusions

e 2-monotonicity only holds for the TV case or if n = 2.

Further work:
e Study of the behaviour under conditioning.

¢ Probabilistic dependent weights.

e Extension to the imprecise case.
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wmacie  Thank you for the attention...

Conclusions ...and for the questions!
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