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The notion of symmetry

The study of the property of symmetry can con-
siderably simplify the calculations.
It is a necessary assumption for some non-
parametric tests (e.g. Wilcoxon signed-rank
test).

H0 : Me = m
H1 : Me ̸= m

And so on...
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Symmetry in a random variable

Definition

A random variable X ∈ L(Ω,A,P) is called symmetric about x0 ∈ R if

P(X ≤ x0 − x) = P(X ≥ x0 + x) , for any x ∈ R .

A skewness coefficient is a function γ : L(Ω,A,P) −! R that quantifies the degree of
asymmetry.

An axiomatization of the notion of symmetry (Oja, 1981)

Let X ,Y ∈ L(Ω,A,P) be two absolutely continuous random variables:
1 X is symmetric ⇒ γ(X ) = 0.
2 γ(cX + d) = γ(X ) where c, d ∈ R with c > 0.
3 γ(−X ) = −γ(X ).
4 X ≾ Y , i.e., F−1

Y (FX (x)) is convex for all x ∈ R ⇒ γ(X ) ≤ γ(Y ).
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Skewness coefficients

Some skewness coefficients in the literature

Let X ∈ L(Ω,A,P):

SP(X ) =
µ− Mo(X )

σ
−! Pearson (1895).

γ1(X ) =
E
[
(X − µ)3

]
σ3 −! Charlier and Edgeworth (1905).

γ′
Me(X)(X ) = 3 · µ− Me(X )

σ
−! Yule (1912).

In this work...

Let X ∈ L(Ω,A,P) with Cp(X ) < C1−p(X ):

γp(X ) =
C1−p(X )− 2 C0.5(X ) + Cp(X )

C1−p(X )− Cp(X )
for certain p ∈]0,0.5[−! Hinkley (1975).
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Rounded data: Basic concepts

Rounding digit

d ∈ Z such that
d > 0: rounding to the d-th decimal digit.
d ≤ 0: rounding to the (1-d)-th digit to the left of the decimal point.

Rounding grid

Zd = {x ∈ R | 10d · x ∈ Z} is the set of values that a rounded variable may take.

Step of dicretization

h = 10−d > 0 is called the step of discretization.

Rounding function

φd : R ! Zd such that φd (x) = max
{
argminz∈Zd

|x − z|
}

.
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Rounded data: Basic concepts

Rounded variable

Given X ∈ L(Ω,A,P), its associated rounded variable is X̃ = φd (X ) for certain d ∈ Z.

Remark: The original random variable X is typically unobservable. Instead, we have
information on X̃ .

Rounding level parameter

r = h
σX

∈ R+ compares the loss of information due to rounding and the scale of the
data.

Large values of r indicate a significant effect of rounding
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X ≡ N (0,1) rounded to the nearest integer (d = 0)

−3 −2 −1 0 1 2 3

38.29%
24.17%24.17%

6.06%6.06%

P(X̃ = 0) = 0.3829

P(X̃ = 1) = 0.2417P(X̃ = −1) = 0.2417

P(X̃ = 2) = 0.0606P(X̃ = −2) = 0.0606

φ0(t) = 2φ0(t) = 1φ0(t) = 0φ0(t) = −1φ0(t) = −2
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Theoretical framework

Random set

Γ : Ω ! P(R) is a random set if:
Γ(ω) ̸= ∅ for all ω ∈ Ω.
Γ∗ is strongly measurable, i.e., Γ∗(A) = {ω ∈ Ω | Γ(ω) ∩ A ̸= ∅} ∈ A for any Borel
set A.

Epistemic interpretation: The random set models a real but only partially known ran-
dom variable X . All we know is that X (ω) ∈ Γ(ω) for any ω ∈ Ω.

Set of measurable selections

The set of measurable selections of the random set Γ is formed by those random
variables that are compatible with Γ.

S(Γ) = {Y ∈ L(Ω,A,P) | Y (ω) ∈ Γ(ω) ∀ω ∈ Ω} .
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Modeling the rounding process

Given the rounded variable X̃ = φd (X ), we define the random (interval) set:

ΓX (ω) =
[
X̃ (ω)− h/2, X̃ (ω) + h/2

[
,

that models the rounding process. It is evident that both X , X̃ ∈ S(ΓX ).

Remark: [·, ·[ denotes the left-closed and right-open interval [·, ·).

Set-valued quantiles

The set-valued quantile of order p ∈]0,1[ is defined as Cp(ΓX ) = {Cp(Y ) | Y ∈ S(ΓX )} .
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Modeling the rounding process

Given a random sample X̃ = (X̃1, . . . , X̃n)
T from X̃ , we denote the associated random

sample of ΓX as ΓX = (Γ1, . . . ,Γn)
T , where:

Γi =
[
X̃i − h/2 , X̃i + h/2

[
∀i ∈ {1, . . . ,n} .

We denote by IX = (I1, . . . , In)T any realization of ΓX .

Set-valued order statistics

For any i ∈ {1, . . . ,n}, the i-th set-valued order statistic is Γ(i) =
[
X̃ (i) − h/2, X̃ (i) + h/2

[
.
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X ≡ N (0,1) rounded to the nearest integer (d = 0)

Initial realization x

x1 x2

x3

x4

x5

x6
x7 x8

x9x10

Interval realization IX
[

I1 = I3 = I6

[
I2 = I5 = I7 = I10

[
I8 = I9

[ [
I4
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Statistical inference with imprecise data

RR0
AR0

p-value(x)

RR = {IX | (∀x ∈ IX )(x ∈ RR0)}
AR = {IX | (∀x ∈ IX )(x ∈ AR0)}
IR =

{
IX | (∃x,x′ ∈ I)(x ∈ RR0 ∧ x′ ∈ AR0)

}

p-value(IX ) = {p-value(x) | x ∈ IX}

sup p-value(IX ) ≤ α: Reject H0
inf p-value(IX ) > α: No reject H0
inf p-value(IX ) ≤ α < supp-value(IX ): Indecision

Classical approach Imprecise approach
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Set-valued Hinkley’s family of coefficients

Let X ∈ L(Ω,A,P) such that Cp(X ) < C1−p(X ) with p ∈]0, 0.5[. In the classical
framework:

γp(X ) =
C1−p(X )− 2 C0.5(X ) + Cp(X )

C1−p(X )− Cp(X )

Set-valued Hinkley’s family of coefficients

In the imprecise framework, we define the set-valued population coefficient as:

γp(Γ) = {γp(Y ) | Y ∈ S(Γ) ∧ Cp(Y ) < C1−p(Y )} .
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Set-valued Hinkley’s family of coefficients

Let X a random sample from X ∈ L(Ω,A,P) such that X(⌈np⌉) < X(⌈n(1−p)⌉) with p ∈
]0, 0.5[. In the classical framework:

γ̂p(X) =
X(⌈n(1−p)⌉) − 2 X(⌈0.5n⌉) + X(⌈np⌉)

X(⌈n(1−p)⌉) − X(⌈np⌉)

Set-valued Hinkley’s family of coefficients

In the imprecise framework, we define the set-valued sample version as:

γ̂p(ΓX ) =
{
γ̂p(Y) | Y ∈ S(ΓX ) ∧ Y(⌈np⌉) < Y(⌈n(1−p)⌉)

}
.
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Set-valued Hinkley’s family of coefficients

(a) If Γ(⌈np⌉) ̸= Γ(⌈0.5n⌉) ̸= Γ(⌈n(1−p)⌉):

γ̂p(ΓX ) =

]
γ̂p(X̃ )− 2h

X̃ (⌈n(1−p)⌉) − X̃ (⌈np⌉)
, γ̂p(X̃ ) +

2h
X̃ (⌈n(1−p)⌉) − X̃ (⌈np⌉)

[
.

(b) If Γ(⌈np⌉) = Γ(⌈0.5n⌉) ̸= Γ(⌈n(1−p)⌉):

γ̂p(ΓX ) =

]
1 − 2h

X̃ (⌈n(1−p)⌉) − X̃ (⌈np⌉)
, 1

]
.

(c) If Γ(⌈np⌉) ̸= Γ(⌈0.5n⌉) = Γ(⌈n(1−p)⌉):

γ̂p(ΓX ) =

[
−1, −1 +

2h
X̃ (⌈n(1−p)⌉) − X̃ (⌈np⌉)

[
.

(d) If Γ(⌈np⌉) = Γ(⌈0.5n⌉) = Γ(⌈n(1−p)⌉): γ̂p(ΓX ) = [−1, 1] .
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Skewness-based tests of normality

Setting up the hypotheses of the test

Given a random sample X = (X1, . . . ,Xn)
T from an absolutely continuous random vari-

able X ∈ L(Ω,A,P), we test:{
H0 : X is normally distributed ,

H1 : X is not normally distributed .

24 / 32
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Skewness-based tests of normality in the classical framework

In the classical framework, given a random sample X = (X1, . . . ,Xn)
T , we define the

following test statistic:

T (X) =
√

n
γ̂p(X)− 0
τp(N )

D
−!
H0

N (0, 1) .

Let x = (x1, . . . ,xn)
T be a realization of X. Its associated p-value is

p-value(x) = 2Φ(−|T (x)|) = 2Φ

(
−
∣∣∣∣√n

γ̂p(x)− 0
τp(N )

∣∣∣∣) ,

where Φ is the cdf of N (0, 1).
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Skewness-based tests of normality with rounded data

In the imprecise framework, given a random sample ΓX = (Γ1, . . . ,Γn)
T of ΓX , the test

statistic is

T (X) ∈
[√

n
infY∈S(ΓX) γ̂p(Y)− 0

τp(N )
,
√

n
supY∈S(ΓX)

γ̂p(Y)− 0
τp(N )

]
.

Let IX = (I1, . . . , In)T be a realization of ΓX . Its associated p-value is such that

inf p-value(IX ) = 2Φ
(
− supy∈IX |T (y)|

)
.

sup p-value(IX ) = 2Φ
(
− infy∈IX |T (y)|

)
.
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Skewness-based tests of normality with rounded data

Experimental framework

3 scenarios:
X ≡ N (0, σ) X ≡ U(0, σ

√
12) X ≡ exp (1/σ)

Var(X ) = σ2 with σ = 10t , for t = seq(−1, 3, by = 0.3).
d = 1 ⇒ r = 10−(1+t).
n = 50.
Significance level α = 0.05.
Powers: original , rounded︸ ︷︷ ︸

classical framework

, lower , and upper︸ ︷︷ ︸
imprecise framework

where:

lower power refers to P(RR).
upper power refers to 1 − P(AR).

Powers are estimated by Monte Carlo simulation with 105 replications.

27 / 32



SMPS 2026

Marina
Iturrate–Bobes

Introduction
The notion of
symmetry

Rounded data

Modeling
rounded data via
random sets
Theoretical
framework

Statistical inference

Skewness
coefficients with
rounded data

Applications:
Tests of normality

Conclusions and
future work

Skewness-based tests of normality with rounded data
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Conclusions

Conclusions of the experimental setup

Under H0: Expected behavior when the imprecision due to rounding is not too
large.
The tests have difficulty distinguishing distribution families whenever the skewness
coefficient takes the same value (e.g., symmetric distributions), even in the ab-
sence of imprecision.
The indecision region remains relatively small up to approximately r = 0.2.
Small values of p ∈]0,0.5[ capture more differences between distributions.
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Future work

To be continued...

1 To perform a more detailed theoretical analysis of the properties of the set-
valued Hinkley’s coefficient for rounded data.

2 To generalize for goodness-of-fit tests to location-scale families.
3 To apply this framework to tests of symmetry with rounded data.

Asymmetry in rounded data: Skewness coefficients
and tests of goodness-of-fit and of symmetry

(Recently submitted)
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