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e We consider a distortion procedure for lower probabilities that transforms p-boxes
into p-boxes.

e Our model is based on the Kolmogorov distance between cumulative distribution
functions.

e We investigate the main properties of the model as a distortion procedure.
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rosueton Let X = {xy,...,Xxp} be a totally ordered finite possibility space: x; < x; <= i <.
We denote by P(X) the set of probability measures on P(X’) and by
L(X):={f: X >R}

the set of gambles on X.
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iz vy A lower probability a monotone increasing function P : P(X) — [0,1] sit. P(0) =

B 0 P(v) — 1. Its conjugate upper probability P is given by P(A) = 1 — P(A°).

The associated credal set M(P) is given by

Introduction

M(P) :={P e P(Xx)| P(A) > P(A) > P(A) VAC X}.
Similarly, a lower prevision is a function P : £(X') — R, and its conjugate upper previ-
sion P is given by P(f) = —P(—f).

The associated credal set M(P) is given by

M(P) := {P e P(X) | P(f) > P(f) > P(f) Vfe L(X)}.
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itz (it A lower prevision (resp., probability) P avoids sure loss when M(P) is non-empty, and
Introduction it is coherent when it can be recovered as the lower envelope of M(P):

P(f) = min{P(f) : P € M(P)} Vfe L(X)

or
P(A) = min{P(A): Pe M(P)} VACX.

Coherence will be the minimal rationality requirement in this work.
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SN As particular cases of coherent lower probabilities, we have:
» 2-monotone capacities: P(AUB) + P(ANB) > P(A)+ P(B) VA BC X.
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» Belief functions: P(UL A) > Yy ic (1 iy (=1 P(NiesA)
VAi, ... AcC X. VkeN. -

» Minitive measures: P(An B) = min{P(A),P(B)} VA,BCX.

» p-boxes.
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» Belief functions: P(US1A) > Yy ic g1, iy (=1 P(Nic/A)
VAr.... A C X, VkeN. -

» Minitive measures: P(An B) = min{P(A),P(B)} VA,BCX.

» p-boxes.

— The more general model of coherent lower previsions allow in particular to encom-
pass comparative probabilities and other types of credal sets.
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» Minitive measures: P(AN B) = min{P(A), P(B)} VA,BC X.

» p-boxes.

HOW SUSPIGIOUS, HEIS NOT
GIVING THE DEFINITION OF P-BOKES




So what is a p-box?

The Imprecise A p-box is a couple (F, F) of cumulative distribution functions F, F : X — [0, 1] that are
Mot for monotone with respect to the total order <.

robustifying
p-boxes

- Its associated credal set is
o M(EF) = {P e B(X) | E(x) < Fp(x) < F(x) Vxe X},
where Fp is the CDF associated with P, and M(F, F) # () if and only if £ < F.
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The lower envelopes of M(F, F) determine coherent lower probabilities and previsions.

— In particular, the associated coherent lower probabilities are belief functions!
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A lower and an upper probability determine a p-box by
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Ep(x) == P({x1,...,x}) and F5(x;) := P({x1,...,x}) Vie{1,....n}.

However, in general it holds that M(P) C M(Ep, Fp), with equality if and only if P is
determined by a p-box (F, F).



Distortion models
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¢ the fee taken by the betting house;

¢ the distance to the original model we want to be robust;

T




Example: the Kolmogorov model
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e e (Q, P) = max | F(x) — Fa(x)!.

Introduction

dkv determines the neighbourhood
Bli(P) = {Q e P(X) | Fp(x) — 6 < Fo(x) < Fp(X) +6 Vx € X}
which coincides with the credal set of a coherent p-box with CDFs
F(x) := max{Fp(x) — 6,0} and F(x):=min{Fp(x)+ 6,1},

for every x € X'\ {x,} and F(x,) = F(x,) := 1, meaning that M(F, F) = B,,(P).



So, are we done?

The Imprecise

Beliiodeioy In some cases we may be interested in distorting a model that is already imprecise:

Model for
robustifying

p-boxes e To transform a lower probability that does not avoid sure loss into one that does;
Montes, Mranda o To obtain a model with better properties, while keeping the available information;
iEiEET e To reduce the number of extreme points of the credal set;
e In a consensus seeking process;

THISTOOKS'LIKE
(A MESS, | WISH SOMEONE
STUDIED THIS/ALREADY



Distortions of lower probabilities
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Let A = [0,00) and {¢s : [0,1] — [0,1]}sca be a family of non-decreasing functions
inroducton such that ¢s(t) < t foreach t € [0,1] and 6 € A.

Given a lower probability P and § € A, its distorted lower probability with distorting factor

0 is defined as
Qs[PI(A) := (¢5 0 P)(A) = ¢5(P(A))

for every A C X and Q[P](X) :=1.



Example: the Imprecise Total Variation
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induced by (P, ¢) is the lower probability Q, given by

Introduction Q§(A) — max {E(A) - 5, 0} VA C Xa Q(S(X) = 1
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(P4) (Reversibility) Given § € A and P, there exists ¢, ' such that P = ¢ ' o Q,[P)].
§ 6 0
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Desirable properties

(P1) (Expansion) For any P and 41,52 € A, 41 > 62 implies Q; [P] < Q;, [P].

(P2) (Semigroup) (a) Q,[P] = P; and (b) Q;, , 5, [P] = Q;,[Q;, [P]] for any &4,z € A.

(P3) (Structure preservation) If P belongs to a subfamily # of lower probabilities, then
so does Q,[P] for every 6 € A.

(P4) (Reversibility) Given 6 € A and P, there exists ¢g1 such that P = ¢>g1 o Q,[P].

(P5) (Expression as an imprecise neighbourhood model) There exists a distorting func-
tion d : P(X) x P(X) — [0, 00) such that, given P, for every 6 € A and Q € P(X)

M(Qs[P]) = {Q e P(X) | d(Q,P) <5} = By(P).
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BN (P3) (Structure preservation) If P belongs to a subfamily # of lower probabilities, then
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(P4) (Reversibility) Given § € A and P, there exists ¢, ' such that P = ¢ ' o Q,[P)].
§ 6 0

(P5) (Expression as an imprecise neighbourhood model) There exists a distorting func-
tion d : P(X) x P(X) — [0, 00) such that, given P, for every 6 € A and Q € P(X)

M(Qs[P]) = {Q e P(X) | d(Q,P) <5} = By(P).

(P6) (Strong commutativity) If P is coherent, then for every § € A it holds:

M@QsP) = |J M(Q,lP).

PeM(P)



The Imprecise Kolmogorov model

The Imprecise
Kolmogorov

Model for Given ¢ € [0, +00), the Imprecise Kolmogorov Model (IKM) (G;[-], Gs[']) is given by :

robustifying

s G;[F](x) := max {F(x) — 6,0} and Gs[F](x) := min {F(x) + 4,1},

Montes, Miranda

for each x € X' \ {x,}, with G;[F](xn) = Gs[F](xn) := 1.

The IKM



The Imprecise Kolmogorov model
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G;[F](x) :== max {F(x) — 6,0} and G;[F](x) := min {F(x) + 4,1},

for each x € X'\ {x,}, with G;[F](x») = Gs[F](xs) := 1.
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» It follows by definition that this satisfies expansion (P1) and semigroup (P2). v/
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Concerning structure preservation (P3), the IKM always gives a p-box, which is in par-
The KM ticular a belief function (hence 2-monotone and coherent).
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» If (F, F) is a minitive p-box, then (G;[F], Gs[F]) is minitive iff either F(x) = 0 for
The kM any x # xpor F(x)=1forany x € X.
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ticular a belief function (hence 2-monotone and coherent).
The IKM
» If (F,F) is a minitive p-box, then (G;[F], Gs[F]) is minitive iff either F(x) = 0 for
any x # x, or F(x) =1forany x € X.

With respect to reversibility (P4), given a p-box (F, F) and § > 0, the IKM satisfies (P4)
iff & < min {E(X1)7 1-— F(Xn_1)}.



Expression as a neighbourhood model
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sl Consider dikny : P(X) x F(X) x F(X) — [0, +00) given by:
e I dIKM(Q,E, F) = Xmea;é{max {E( FQ( ) X)}}

for every Q € P(X) and F, F € F(X).

» dikum generalises the Kolmogorov distance.

(P5) BY,..,(E,F)=M(Gs[F], Gs[F]). v
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Let (F, F) be a coherent p-box with associated lower probability E(Ef).

The IKM

dIKM(Q7 E(EF)) = PE/\T(iBr:E’,?)) dKM(Q, P) vQ e ]P)(X)

— Thus, IKMs satisfy strong commutativity (P6). v/
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Future work:

/' Connections with game theory.
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