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PN The convex order of van Zwet (1964)

SMPS 2026 0 _ongo
Definition

oraimiares on Let £/(Q, A, P) be the set of random variables over (€2, A, P) for which the cdf is abso-

the convex lutely continuous, strictly increasing on the preimage of 0, 1[ and twice differentiable.
Forany X, Y € £'(Q, A, P), we say that X is not more strongly skew to the right than
Y, denoted by X 3 Y, if F;‘ o Fx is a convex function on the support of X.

X3Y XZY

X ~ Weibull(3,1), ¥ ~ Weibull(1,1) X ~ Beta(0.5,0.5), Y ~ Beta(2,2)
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Equivalent definition of the order in terms of concavity

Alternative definition

F;1 o Fx is a convex function on the support of X if and only if F;‘ o Fy is a concave
function on the support of Y. Therefore, saying that F;1 o Fx is a convex or concave
function on the support of X meansthat X X Yor Y 3 X.

Fy' o Fx convex Fy' o Fy concave

X ~ Weibull(3,1), ¥ ~ Weibull(1,1)

]
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FL(Fxx)
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Interpretation

Preliminaries on X being not more strongly skew to the right than Y intuitively means that Y has a longer
e tail of extreme values at the right end compared to X.

ordering

Skew has no relation with location or scale (it is invariant to translations and scalings).

X<y XZY
X ~ Weibull(3.1), Y ~ Weibull(1,1) X ~ Beta(0.5,0.5), Y ~ Beta(2.2)
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Characterization of the order of van Zwet

Characterization

An equivalent definition of X = Y is that, for any a,b € R with a > 0, Fx(x) and
Fy(ax + b) cross each other at most twice with the sequence of changes of sign of
Fx(x) — Fy(ax + b) (ignoring zeros) being positive to negative to positive.

X3Y XZY
X ~Weibull(3,1), ¥ ~ Weibull(1,1) X ~ Beta(0.5,0.5), ¥ ~ Beta(2,2)
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SMPS 2026 Let £(Q, A, P) be the set of random variables over (22, A, P).

A skewness coefficient is a function v : £(Q,4,P) — R

hocomex - ~(X) =0 if X is symmetric.
ordering
X=N(0,1) X=U(-2.2)
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I An axiomatization of the notion of skewness (Oja, 1981)

SMPS 2026 Let £(Q, A, P) be the set of random variables over (22, A, P).

A skewness coefficient is a function v : £(Q,4,P) — R

Preliminaries on

e comex v(X) =0 if X is symmetric.
v(eX + d) =~(X) forany c,d € R such that ¢ > 0.
X=N(0,1) X=3+2"N(0,1)=N(3,2)
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PN An axiomatization of the notion of skewness (Oja, 1981)

SMPS 2026 Let £(Q, A, P) be the set of random variables over (2, A, P).
A skewness coefficient is a function v : £(Q,4,P) — R
Ehrz'ec;?ge ~(X) =0 if X is symmetric.
v(eX +d) =~(X) foranyc,d € R such that ¢ > 0.
Y(=X) = =(X).
X=Beta(2,3)-0.5 -X=0.5-Beta(2,3)




I An axiomatization of the notion of skewness (Oja, 1981)

SMPS 2026 Let £(92, A, P) be the set of random variables over (22, A, P).

A skewness coefficient is a function v : £(Q, 4, P) — R
~¥(X) =0 if X is symmetric.
cX +d) =~(X) foranyc,d e R suchthatc > 0.
—(X).
Y(X) <A(Y) iEXZY.
X=\Weibull(3,1)
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preliminaries on A location-scale-skewness family is a family 7 C £'(£2, A, P) for which:
m Forany X € F,c € R" and d € R, it holds that cX + d € F.

ordering
m Forany X, Y € F, it either holds that F,," o Fx is a convex or concave function on
the support of X.

Examples

In the Weibull family all distributions are comparable in terms of skewness, therefore
the shifted-Weibull distribution forms a location-scale-skewness family.

On the contrary, it has been shown that there are parameters of the beta distribution
that lead to incomparability in terms of skewness, therefore the beta distribution does
not form a location-scale-skewness family.
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Definition of a new family of coefficients

For X € L(Q, A, P), we define the family of coefficients:

Tests for convex
ordering

(v —w) — (W—v")) Cy(X)
(V—V)TCo(X) ’

V(X) = (

where
m Cy(X) € R™ are quantiles of X arranged in ascending order such that if Cy(X) €
Cp(X) for some q €]0, 1], then Ci_4(X) € Cp(X).
m v ¢ R” is an asymmetric weigthing vector such that 3¢, v; < S/_, v/ for all
te{l,....,lm/2]}.

B w € R™ is a symmetric weighting vector.
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Properties of the coefficients (lturrate-Bobes et al., 2025)

Well-defined

The family of coefficients v is well-defined for any absolulety continuous random vari-
able.

Oja axioms 1, 2 and 3

The family of coefficients ~ fulfills the first three axioms of Oja for any absolulety con-
tinuous random variable whose cdf is strictly increasing on the preimage of the interval
10, 1[.

Oja axiom 4

The family of coefficients v with m odd and weighting vectors v and w such that v; = 0
forallic {1,...,[m/2]} andw = (0,...,0,1,0,...,0)7 fulfills the four axioms of Oja
for any absolulety continuous random variable whose cdf is strictly increasing on the
preimage of the interval 0, 1] and twice differentiable (i.e., if we are in £'(Q, A, P)).
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Let X be a random sample from X € £(, A, P). The sample version of - is defined as:

Tests for convex
ordering

(W—W%%W—VWTKMW.

4(X) =
X) (v = V") X(rnp1)

A sufficient condition for it to be well-defined (almost surely):

Xel'(QA P) and n>— ! :
Minj=1,....m Pi+1 — Pi
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Let X be a random sample from X € £'(%, A, P). It holds that

L VR(A(X) = +(X)) 2 N(0,7),
_ o 2w mln{p,,p/} (1- maX{PnP/})

[vi(wT — v )+v,f(vT—w ) +wi(v —v )]Cp(X)
v wT =) VI —wT) (v —vT)]Cp(X).

PROBLEM: 7 is unknown in practice.
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Let X be a random sample from X € £'(Q, A, P). It holds that

Tests for convex ,.’;I(X) - 'Y(X) D
dering \/ﬁ 7/\_(x) — N(O7 1) )

with  #2(X) = 4 i Z " min{p;, p;}(1 — max{p;, p;})
(v v\ X)) F o P Kinen))n(Xire1))

[vi(w’ - v v (v —wT) +wiv — v I X(re1)
SO v’T) +vi(v —wh)+ wj(v’T — V) X(mp1) »

where f, is a kernel-based density estimate of the probability density function of X.



IMAGINE

SMPS 2026

Tests for convex
ordering

Extending the result to two independent samples

Theorem

Let X and Y be two independent random samples from two independent random vari-
ables X, Y € £'(Q2, A, P). It holds that

where 72(Z), with Z = X or Z =Y, is defined as before.

Remark: We assume ny = g(ny) with g : N — N an increasing function such that
limp, — oo % = X €]0, |, i.e., both sample sizes grow to infinity at comparable rates.
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SRS 2026 Setting up the hypotheses of the test

The hypotheses to test are the following:

Ho:X3Y  Hi:XZY.
Tests for convex
ordering

A similar problem

Due to property O4 of any skewness coefficient v, the hypotheses to test could be

approximated by:
Ho : v(X) <~(Y)  Hi:y(X) >(Y).

Note

Within location-scale-skewness families that satisfy some specific properties it could
be proven that both problems become equivalent. For instance, this is the case within
the shifted-Weibull distribution.
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Recall that

G =50~ GO 1) 2, 44y
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Test statistic and rejection region

To perform the test, the following statistic is used with Hg : v(X) = v(Y):

Y(X) — (Y
A(X) = A(Y) 2. N(0,1),
2X) | P2 H

nx ny

7 | F2(Y)

nx ny

R.R. = {x e R™ y e R"™ M > Z‘I—a} .
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Experiments

m Shifted-Weibull distribution with shape parameters dx, dy € {2, 3, 4,5} considered.
m Significance level o = 0.05.

m The power is estimated through Monte Carlo simulation with 10° replications.

m nx = 500 and ny € {100, 200,500, 1000}.

m C, is such that p = (1/6,2/6,3/6,4/6,5/6)" .

mw=(0,0,1,0,0)".

mv=2X(0,0,01,0)+(1-X)(0,0,0,0,1)7, with X\ € {0,1/2,1/2,3/4,1}.

m Gaussian kernel and rule-of-thumb bandwidth selector are chosen.
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Power
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Conclusions of the experimental setup

m Under Hy: Significance level o« = 0.05 is preserved for any sample size and weight
vector v.

m Under H;: Large sample sizes are needed for the tests to exhibit high power.
Gonclusions and The larger the value of X in the choice of v the larger the power.

future work
Future work

The influence of rounding and other sources of imprecision within tests for convex
ordering is to be studied in the near future.
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